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Abstract

We present the basic theory of commutators of congruences in congruence modular
varieties (or equationally defined classes) of algebras. The theory we present was first
introduced to the mathematical world in a 1976 monograph of J.D.H. Smith, devoted to
varieties with permuting congruences. It was extended to congruence modular varieties
in a 1979 paper by J. Hagemann and C. Herrmann, and has since been elaborated into an
impressive machinery for attacking diverse problems in the domain of congruence modular
varieties. Three notable applications of this commutator theory are presented in detail,
and others are described.
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1 Introduction

The commutator in group theory is a natural operation defined on the lattice of normal
subgroups of any group which plays a basic role in the definition and study of solvable and
Abelian groups. This commutator has a companion operation in the theory of rings, defined
on any lattice of ideals. These two operations share many common properties, including the
ability to capture the notion of Abelian-ness.

In [43], J.D.H. Smith used category theory to extend structural properties of groups
and rings to varieties with permuting congruences. In doing so, he laid the framework for
generalizing the commutator from groups and rings to an operation on the congruence lattices
of algebras in congruence permutable varieties.

J. Hagemann and C. Herrmann in [19] extended some of Smith’s results to congru-
ence modular varieties. Their techniques include subtle and difficult calculations in Con A,
Con A2, and Con A? using modular arithmetic. In their work, they mentioned the term
condition which would later become the basis for what seems to be the most useful defini-
tion of the commutator in congruence modular varieties. H.-P. Gumm [17] further extended
these structural results for congruence modular varieties by viewing the structure imposed
on algebras by congruence relations geometrically. R. Freese and R. McKenzie [12] developed
the commutator for congruence modular varieties based on the term condition mentioned by
Hagemann and Herrmann.

In this manuscript, we give a gentle introduction to the commutator theory presented in
[12]. We then present several applications of the commutator along with some open problems
which may involve commutator theory. In Section 2 we review the classical commutator in
groups and demonstrate how the term condition arises naturally in this environment. In
Section 3 we lay out some basic notation which will be pervasive throughout the manuscript.
In Section 4 we use the notion of centrality to define the commutator and prove a few
properties of the commutator which hold in any environment. In Section 5 we give examples
of the commutator in some familiar environments including rings, lattices, and modules. In
Section 6 we give the classical Maltsev type characterizations of congruence permutability,
distributivity, and modularity due to Maltsev, Jonsson, and Day. These characterizations are
exploited heavily in the development of commutator theory for congruence modular varieties.
In Section 7 we use Jonsson’s characterization of congruence distributivity to prove that in a
congruence distributive variety the commutator is nothing other than congruence intersection.
In Section 8 we extend all of the properties of the group commutator mentioned in Section 2
to the commutator in congruence modular varieties. In Section 9 we prove the Fundamental
Theorem of Abelian Algebras that every Abelian algebra (in a congruence modular variety) is
affine (polynomially equivalent to a module). In Section 10 we extend the ideas of solvability
and nilpotence using the commutator. We prove that every nilpotent or solvable algebra
in a congruence modular variety has a Maltsev term and use this to give some structural
results about nilpotent algebras. In Section 11 on applications, we briefly discuss seven
outstanding instances of basic problems that have been solved, for modular varieties, with
the aid of commutator theory. In the following sections, we present three of these applications
in detail: In Section 12 we prove that every finitely generated, residually small, congruence
modular variety has a finite residual bound, and that such varieties are characterized by a
commutator equation. In Section 13 we characterize directly representable varieties—i.e.,
those finitely generated varieties that possess only a finite number of non-isomorphic finite,
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directly indecomposable, algebras—and we characterize the larger family of finitely generated
varieties whose spectrum is contained in a finitely generated monoid of positive integers. All
of these varieties are shown to be congruence modular. In Section 14 we characterize the
locally finite congruence modular varieties for which the function giving the number of non-
isomorphic n-generated algebras is dominated by a polynomial in n. They are precisely the
directly representable Abelian varieties. In Section 15 we survey some problems which either
involve the commutator or for which there is evidence that the commutator might prove
useful. We note that the results herein are not original. Excepting the results of Sections
13-14, almost all of them appear with proofs in [12].

2 The Commutator in Groups

In this section, we discuss the group commutator and some of its most basic properties, and
we illustrate how the term condition arises naturally in this environment.

Definition 2.1 Suppose that G is a group and M and N are normal subgroups of G. The
group commutator of M and N is defined as

[M,N] =Sga({m *n"tmn:m e M andn € N}), (2.1)

Suppose that G is a group, that M, N, and {N; : i € I} are normal subgroups of G, and
that f : G — H is a surjective group homomorphism. Then the following properties of the
group commutator are easy exercises in any first class on group theory.

1) [M,N]C MNN.

f(IM; NY) = [f (M), fF(N)].

(1)
(2)
(3) [M,N] =[N, M].
(4)
()

4 [M \/zeINi] :\/ieI[M7Ni]-

5) For any normal subgroup K of G included in M N N, the elements of M/K commute
with the elements of N/K if and only if K D [M, N].

(6) G is Abelian if and only if [G,G] = {1} (where 1 is the identity element of G).

When we generalize the commutator later to congruences in a congruence modular variety,
we will want an operation which will share these properties. Our operation will be defined
from a generalization of the condition (5). From this definition, we will get (1), (3), and (4)
directly and a slight modification of (2). We will take (6) to be our definition of Abelian.

The group commutator has one more property which is less transparent but which will
also carry over to the generalization (in fact, it also could be used to define the modular
commutator). This is

(7) The commutator operation is the largest binary operation defined across all normal
subgroup lattices of all groups which satisfies conditions (1) and (2).
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Suppose that C(z,y) is another binary operation defined on the normal subgroup lattice
of every group which satisfies (1) and (2). Let M and N be normal subgroups of a group G.
We will prove that C(M, N) C [M, N]. To do so, we need to define four subgroups of G x G.

G(M) = {(z,y) 2,y € G and z 'y € M} (2.2)
A={{z,y):x € N,y € G, and 2~ 'y € [M,N]} (2.3)
B = {(z,1) : x € [M, N]} (2.4)

My ={(z,1):x € M}. (2.5)

The subgroups A, B, and M; are normal subgroups of G(M). Let m be the projection of
G(M) to the first coordinate. Then the reader can check that

7(G(M)) =G (2.6)
m(A) =N (2.7)
7(B) = [M, N] (2.8)
7(My) = M. (2.9)

From property (1) we see that C(M;,A) C M1y NA C B and by (2)
C(M,N)=mn(C(M;,A)) Cn(B)=[M,N]. (2.10)

We would now like to state a condition equivalent to (5) which will be the basis for our
generalization of the commutator. Let K = [M, N]. Suppose that ¢ is an (n 4+ m)-ary group
term. We will address here how ¢ behaves in G/K when evaluated on elements of M/K and
N/K. For convenience in the following calculations, we will write g for elements gK of G/K.
Suppose that ai,...,a,,b1,...,0p € M and x1,...,Zm,Y1,-..,Ym € N and that

@y, .y Gy @1y ey T) = (@1, -« Ay Y1y -+, Ym) - (2.11)

Since K = [M, N], we can permute some of the elements in this equation so that we have

_ _ - el e ey d =du
t(@,...,an, 1, .., Tm) = a5 a3 -+ @ Illxlg o (2.12)

where each e; and each d; is either 1 or —1. Similarly
t(ala “e aanvglv cee 7gm) = a;ié‘?; e ajzgldllgld; T gldv (213)
Combining these, we have

—e1-e2  —eyxdi=de | —dy _ —e1-ex  -ey-di-da  ~dy
Uy Qg - Qg Ty Ty, e Ty = G Gy o G U Gy G (2.14)

Suitable cancellation and multiplication by b’s now gives

u md 7d’U wd —dy
bjllbjg be xlllxlz . = b;b;; be ylllyl2 g (2.15)

After commuting as before, we end up with the equality
t(by, .. b, 1y Tn) = (b1, . b, ULy ey Tm)- (2.16)

We have proven the following property which will replace property (5) above.
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(57) Suppose that ¢ is an (n 4+ m)-ary group term and that ai,...,an,b1,...,b, € M and
Tlyee oy Ty Y1y Ym € N. Let K = [M, N]. If

tamK,...,anK,01K, ..., K) =t(m K, ..., a1 K, 0K, ..., ymK) (2.17)
then also
t(blK, .. .,an, le,. . ,.me) = t(blK,. . .,blK, le, ce 7ymK) (218)

We will describe this situation by saying that G satisfies the M, N term condition modulo
K or that M centralizes N modulo K. This term condition will be the basis of the modular
commutator.

3 Notation

We assume that the reader is familiar with the basics of universal algebra, and we will usually
use notation consistent with [37]. In this section, we emphasize a few key ideas and pieces of
notation.

Generally, we will use plain text capital letters to refer to sets. We will use bold faced text
to refer to algebras. Usually (but not always), the same letter will be used for the set and the
algebra. For example, an algebra on a set A will almost always be called A. We use script
letters (such as V) to refer to varieties, classes of varieties, and classes of algebras. For any
algebra A in a variety V and any term t(xo, ..., zy) of V, it is customary to use a superscript
to denote the term operation of A induced by ¢ (that is, t*(xg, ..., z,)). In most of our proofs,
the algebra will be understood, so we will often (usually) leave off the superscript to allow
for cleaner notation. If A is an algebra, we will use bold faced lowercase letters to represent
elements of direct powers of A. For example, an element a € A™ is a vector (ag, ..., an—1).
Notice that with this notation, we will always assume our subscripts begin at 0 and go to
n — 1. When applying an (n + m)-ary term ¢ to a vector (zo,...,Tp—1,%0;---sYm—1), it iS
often more convenient (and notationally cleaner) to write ¢(x,y).

For the subalgebra of A generated by a subset X C A, we will write Sga (X). For the sub-
algebra generated by elements ay, ..., a,, we may abuse notation and write Sga (a1, ..., an).
Similarly, we use Cga (X) for the congruence on A generated by a subset X C A2, For the
principal congruence generated by identifying elements a and b, we will write Cga (a,b). In
all cases, we may omit the subscripted A if the underlying algebra is understood. We will
use End A for the endomorphism monoid of A.

Depending on context, there are three notations we may use to assert that two elements
z and y are related by a binary relation a. These are

ray

(z,y) € a and
x =y (mod «).

By a tolerance on an algebra A, we mean a subalgebra of A2 which is reflexive and symmetric
(but not necessarily transitive). We will use Con A to represent the congruence lattice of A
and Tol A to represent the tolerance lattice of A. If «v is any binary relation then Tr(«) will
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Figure 1: The lattices N5 (left) and M3 (right).

be the transitive closure of o. The universal relation on a set A will be denoted 14, and the
identity relation will be denoted by 04.

If V is any variety, we will use the notation V=, ... to indicate that all congruences of
all algebras in V satisfy the property .... For example, VI=o (o N B = [o, §]) means that
for every algebra A € V and for all a, 8 € Con A the equality a N 8 = [«, ] holds. Usually,
~ will be used to represent the equality symbol of a first-order language, and = will be used
for a specific instance of equality.

Much of this manuscript will deal with congruence lattices which are modular or dis-
tributive. Therefore, we remind ourselves of the definitions of these properties and state
some basic facts about them. The realization of the concept of a lattice as an independent
algebraic object of interest and the formulation of the modular law dates back to Richard
Dedekind [9].

Definition 3.1 Let L = (L, A, V) be a lattice. L is modular if for all elements a,b,c € L
with ¢ < a the equality a A (bV ¢) = (a Ab) V ¢ holds. L is distributive if for all elements
a,b,c € L the equality a A (bV ¢) = (a Ab) V (a A c) holds.

These characterizations of modularity and distributivity should be familiar.

Theorem 3.2 For any lattice L, the following are equivalent.

1) L s distributive.

(1)

(2) an(bVe)<(anb)V(aAc) forall a,b,c e L.
(3) avV(bAc)=(aVb)A(aVc) forall a,b,c € L.
(4)

4) L has no sublattice isomorphic to either N5 or Mg (see Figure 1).

Theorem 3.3 The following are equivalent for any lattice L.

1) L is modular.

3

(1)
(2) For any a,b,ce Lifc<athenaA (bVec)<(aNb)Vec.
(3) ((anc)Vb)Ac=(aNc)V (bAc) forall a,b,c € L.

(4)

4) L has no sublattice isomorphic to N5 (see Figure 1).
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4 Centrality and the Term Condition Commutator

Definition 4.1 Suppose that o, 3, and § are congruences on an algebra A. Then o central-
izes 8 modulo & (in symbols C(«, 3;0)) if for any (m + n)-ary term operation T of A, for
any a,b € A™ with a;ab; for all i, and for any ¢,d € A™ with ¢;8d; for all i, the relation
T(a,c)éT(a,d) holds if and only if T(b,c)dT(b,d). When C(a, 3;9) holds, we will also say
that A satisfies the o, 8 term condition modulo 6.

It will be convenient for us at times to view the elements of A% as 2 x 2 matrices so that
the 4-tuple (xg, z1, 2, x3) corresponds to the matrix

To X1
x2 w3 )

Definition 4.2 Suppose that o and (3 are congruences on an algebra A. Define M(«, 3) to
be the subalgebra of A* generated by all matrices either of the form

(5%)
(c4)

It follows immediately from the definitions that

where aab or of the form

where c(d.

Lemma 4.3 For any congruence «, (3, and § on an algebra A, C(«a, 3;9) holds if and only
if for all ( i y ) € M(a,3), xdy < udv.

v

These basic properties of centrality hold without any additional assumptions about the
underlying variety or algebra.

Lemma 4.4 Suppose that o, 8, 6, {oy : i € I}, and {6; : j € J} are congruences on an
algebra A.

(1) If C(w, 350) for alli € I, then C(Viel a;, 3;0).
(2) If C(c, B;65) for all j € J, then C(ay, B; ﬂjeJ )
(3) Cla, B;anp).
Proof (1) Let v = \/;c; ;. Suppose that 7" is an (n+m)-ary term of A and that a,b € A"

and x,y € A™. Assume also that a;vb; for all ¢t and x;0y; for all t. There exist vectors

u',...,u so that for each ¢

ol a2 3
ap = Uy O, Us Oy Uy ... Uy = by

Suppose that T'(a,x)0T(a,y). We can prove by induction that for each i = 1,...,l the
relation T'(u’,x)07T'(u’,y) holds using C(aj,, 3;0). It follows then that T'(b,x)éT (b,y).
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(2) Suppose that C(a, 8;6;) for all j € J. If ( z Z ) is any matrix in M(«, ) so that
(x,y) is in ﬂjeJ d;, then zd;y for all j, so by centrality ud;v for all j. Hence (u,v) € ﬂjeJ d;.
(3) Suppose that < Z g > is any matrix in M (o, 8). If z(aN B)y, then uax(a N B)yav
so uaw. Since ufv by assumption, it follows that u(a N B)v. O

This lemma makes possible the following definition

Definition 4.5 Suppose that A is any algebra and o, 3 € Con A. The commutator of o and
B is defined as [a, 5] = ({0 € ConA : C(a, 3;6)}.

This lemma is an immediate consequence of the fact that if o/ C o and 3 C 8 then
M(o/,3) € M(a, B) and M(a, ') C M(c, B).

Lemma 4.6 [, | is monotone in both variables.

This lemma follows immediately from (3) of Lemma 4.4.

Lemma 4.7 Suppose that o and 3 are congruences on an algebra A. Then [a, ] < aN .

We take the opportunity here to state our definition of what it means for an algebra, or
a congruence, to be Abelian.

Definition 4.8 An algebra A is Abelian if A = [14,14] = 04. A congruence o on A is
Abelian if A = [a,a] = 04.

By Lemma 4.4 (1), the following definition makes sense.

Definition 4.9 Suppose that A is any algebra. Define the center of A to be the largest
congruence ( € Con A so that [(,14] = 04. Denote the center of A as Ca.

From the definitions, it is clear that

Lemma 4.10 An algebra A is Abelian if and only if (o = 14.

We also have this useful universal substitution property of the center.

Lemma 4.11 Suppose A is any algebra. Then (a is the set of all (x,y) so that for all
positive integers n, for all (n + 1)-ary terms t of A, and for all a,b € A"

t(z,a) = t(z,b) < t(y,a) = t(y, b).

Proof Let 6 be the set of all (x,y) satisfying the conditions of the lemma. We will prove
that @ = (a. Since [Ca,14] = 04, it should be clear that (o C 6. We need only establish
the reverse inclusion. To do so, we need to know that # is a congruence on A and that
[0,14] = 04. It is easy to see that 6 is an equivalence relation. To prove that it is a
congruence, we prove that 0 is closed under all unary polynomials of A. Let p be any unary
polynomial of A. This means that for some k there is an (k+1)-ary term s of A and constants
c € A* so that p(z) = s(x,c). Let (x,y) € . We show that (p(z),p(y)) € . Suppose that
tis an (n + 1)-ary term of A and that a,b € A". Then t(p(z),a) = t(p(z),b) if and only if
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t(s(x,c),a) = t(s(z,c),b). Since zfy, this happens if and only if t(s(y,c),a) = t(s(y,c),b),
which happens if and only if t(p(y),a) = t(p(y), b). Thus p(x)0p(y). The equivalence relation
0 is closed under all unary polynomials of A, so # € Con A as desired.

Now we only have left to prove that [#,14] = 04. To do so, we show that C(6,14;04).
Suppose that ¢ is an (n + m)-ary term operation of A, that x,y € A™, that a,b € A" with
x;0y; for all i. Suppose that t(x,a) = t(x,b). We must establish that ¢(y,a) = t(y,b). We
will prove by induction on i =0,1,...,(m — 1) that

t(y()’ s Yoy Tid 1y e ey xmflaa) = t(y(]’ s Yiy Titly e oo s Tm—1, b)
For i = 0, since zofyy and t(x,a) = t(x,b), it follows immediately that
t(yO)xb sy $m,1,a) = t(y(]vxlv ey Tm—1, b)

Suppose then that 0 < ¢ < m — 1 and that

t(yo: e Yy i1y e ey xm—lva) = t(y07 ey Yiy i1y -0 o5 Tm—1, b)
That
tHY0s -+ s Yis Yit 1, Tit 2+« Tm—1,8) = (Y0, - + -3 Yis Yit1, Tit2, - - -, Tm—1, D)
follows now from z;10y;+1. This completes the induction argument. Taking ¢ = m — 1 now
yields t(y,a) = t(y,b) as desired. O
5 Examples

In this section we give a few examples of centrality and the commutator in some familiar
varieties. Hopefully, these examples will motivate some of the results we will prove later and
the techniques necessary to prove them. We first consider the commutator in rings.

Suppose that R is a ring and let I, J, and K be ideals of R. Denote the congruence
relations corresponding to I, J, and K by «, 3, and §. Then, for example, zay if and only
if x —y € I. Suppose further that C(«a, 8;9). Taking z € I and y € J, we will use centrality
to prove that xy € K. We have the relations xa0 and y(30, so the matrix

Oy 00 (0 O
<:ny x0>_(3:y O)
is in M (v, 3). Since obviously the top row of this matrix in in d, we have that xyd0. This
means that zy = 2y — 0 € K. A symmetric argument will show that yr € K also. This
implies that K must contain the ideal IJ+ JI. Suppose on the other hand that K is an ideal
containing I.J + JI. We will use this assumption to prove that C(«, ;). First of all, notice
that in R/K, the product of any element from I/K and an element from J/K is 0. Suppose
now that ¢ is an (n 4+ m)-ary ring term, a,b € R™ with a;ab; for all i, x,y € R™ with z;By;
for all 4, and that t(a,x)dt(a,y). We need to show that ¢(b,x)dt(b,y). To simplify notation

in the next calculations, we will write 7 for any coset r + K in R/K. Since t(a, x)dt(a,y), in
R/K we have t(a,x) = t(a,y). Through distribution we can find ring terms ¢, r, s so that

t(u,v) =q(u) +r(v) + s(u,v) (5.1)
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where each of ¢,r, and s is a sum of products of variables and negated variables and so that
in each product of s at least one u; and at least one v; occurs. Notice that by our assumptions

s(a,%) = s(a,y) = s(b,x) = s(b,y) = 0. (5.2)
From t(a,x) = t(a,y) it follows that

q(a) +r(x) + s(a,x) = q(a) + r(y) + s(a,y) (5.3)
and hence that
g(a)+r(x)+0=gq(a)+r(y)+0. (5.4)
Appropriate cancellation and addition of ¢(b) now gives
qg(b) +r(x)+0=g(b)+r(y)+0 (5.5)
and hence B B B B
qg(b) +r(x) + s(b,x) = q(b) + r(y) + s(b,y) . (5.6)

This gives t(b, %) = t(b,¥) or t(b,x)dt(b,y) as desired. We have proven that C(«, 3;§) holds
if and only if K contains IJ + JI. This gives us

Fact 5.1 Let R be a ring and let I and J be ideals of R. Suppose that o and (B are the
congruences associated with I and J. Then [, 5] is the congruence associated with the ideal
I1J+ JI.

This fact tells us what Abelian rings look like. Suppose that R is an Abelian ring. This
means that [1g, 1g] = Or, which by the last fact tells us that R- R+ R-R = {0}. This happens
exactly when multiplication in R is trivial in the sense that all products are 0. Hence

Fact 5.2 A ring R is Abelian if and only if all products in R are 0.

Since we know what ring commutators look like, it is easy to see what the center of a ring
is.

Fact 5.3 If R is any ring, then (r is the annihilator of R—the set of all x € R so that
xzr=rx =0 for allT € R.

We next turn our attention to the commutator in lattices. Suppose that L is a lattice and
that o and ( are congruences on L. We will prove that [, 8] = a N (. That [, 5] Canp
is always true. We just need to prove the reverse inclusion. Suppose that (a,b) € a N fS.
We will use the a, # term condition modulo [« 5] to show that (a,b) € [a, 3]. Consider the
lattice term t(z,y,2) = (x Ay) V (x A z) V (y A z). This term satisfies

t(z,z,2) mt(z,z,y) = t(z,y,2) =y, z,z) = . (5.7)

Any ternary term which satisfies these equations is called a majority term. It is well known
that any variety with a majority term is congruence distributive. The matrix

a a\ ( tla,a,a) t(a,a,b)

a b ) \ tla,b,a) t(a,b,b)
is in M(c, 3). Since we have equality in the first row — and hence a relation via [a, 3], the
a, # term condition modulo [a, (] tells us the second row is in [a, §]. We have proven



12 R. McKenzie and J. Snow

Fact 5.4 The commutator operation in the variety of lattices is congruence intersection.

Actually, our argument proves

Fact 5.5 Suppose that V is any variety with a magjority operation. Then the commutator
operation in V is congruence intersection.

We will extend this fact in Section 7 to all congruence distributive varieties. For now,
we will use it to see what Abelian lattices look like. A lattice L is Abelian if and only if
0r =[1z,1z) =1z N1y = 1. This happens if and only if L is a one element lattice. Thus

Fact 5.6 The only Abelian lattice is the one element lattice.

This could also be proven quickly by considering the term ¢(z,y,z) = Ay A z and the
term condition. Since such an argument would only involve the one lattice operation, it
would also establish the same result for semilattices. Also notice that since the commutator
in lattices is intersection, the center of a lattice is trivial (the identity relation).

As a final example in this section, we will consider the commutator in modules. We will
prove that the commutator in any module M over a ring R is constantly 0;s. To do this, it
suffices to show that [157, 1ps] = Ops. In particular, we will see that every module is Abelian.
Suppose that ¢ is any (n + m)-ary term of M. We can assume that R has a unity. The term
t can be expressed as

l U
t(u,v) = Z T, + Z 5405, (5.8)
i=1 i=1

where each r; and each s; is in R. Let a,b € M" and x,y € M™ and suppose that
t(a,x) = t(a,y). This means that

l 4 l 4
E ria; + Z §ixj;, = Z ria;, + Z 8iY5; - (5.9)
i=1 =1 =1 =1

Appropriate cancellation and addition now gives

l U l U
Z ribj;, + Z 8;Tj; = Z ribj, + Z SiYj; (5.10)
=1 =1 =1 =1

and hence that t(b,x) = ¢(b,y). Thus we have established that C(1as, 157;0a7) so [1a7, 1as] =
0a7. This means

Fact 5.7 Every module over a ring is Abelian.

I follows, of course, that the center of any module is the universal relation. We will see
in Section 9 that every Abelian algebra in a congruence modular variety is (polynomially
equivalent to) a module over a ring.
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6 Maltsev Conditions

A variety W is said to interpret a variety V if for every basic operation t of V there is a
W-term s; so that for every algebra A € W the algebra (A, {s2}) is a member of V. We
denote this situation by ¥V < W. We say that a class K of varieties is a strong Maltsev
class (or that K is defined by a strong Maltsev condition) if and only if there is a finitely
presented variety V so that KC is precisely the class of all varieties W for which V < W. If
there are finitely presented varieties ... < V3 < Vs <V so that I is the class of all varieties
W so that V; < W for some i, then K is a Maltsev class (or is defined by a Maltsev
condition). Finally, if K is the intersection of countably many Maltsev classes, then K is a
weak Maltsev class (or is defined by a weak Maltsev condition).

Most Maltsev conditions in practice take the form of an assertion that a variety has a
set of terms satisfying one of a sequence of sets of weaker and weaker equations. The first
example of a strong Maltsev class was the class of all varieties with permuting congruences.

Theorem 6.1 (A. I. Maltsev [31]) A wvariety V has permuting congruences if and only if
there is a term p of the variety so that V models the equations:

p(x,z,2) = x and p(z, z,x) =~ x.

Proof Suppose that a variety V has such a term p. Let A € V and let 6 and ¢ be congruences
of A. Suppose that z,z € A and (z,z) € o ¢. Then there is a y € A so that z0y and y¢z,
and we have

x = p™(x, 2, 2)pp™ (z,y, 2)0p™ (2,2, 2) = 2.

Thus o ¢ C pof. Also

¢U o 9U

(906)"

(600)° (6.1
0" o oV

fodg.

So 8o¢p=¢ob. It follows that V has permuting congruences.

Suppose now that V has permuting congruences. Let F be the algebra in V free on
{z,y,z}. Let f: F — F be the homomorphism which maps = and y to = and z to z and
let 6 = ker f. Let g : F — F be the homomorphism mapping = to x and y and z to z and
let ¢ = kerg. Clearly, we have (z,z) € 0 o ¢. Since we are assuming congruences permute,
(x,z) € ¢pob, so there must be a w € F with x¢wfz. Since F is generated by {x,y, z}, there
is a term p of V so that pF (z,y, z) = w. Observe:

G600

in 1

z=g(z) = g(w) = gp" (x,y,2)) =" (9(2), 9(y), 9(2)) = p" (2,2, 2).

Using f, we can similarly show that p¥(z, z,2) = x. Since F is freely generated by {z,y, 2},
it follows that these equalities hold throughout V. O

The second example of a strong Maltsev class was found in 1963 by A. F. Pixley. It is
the class of all varieties in which congruences permute and in which congruence lattices are
distributive. Such varieties are called arithmetical. The fact that this is a Maltsev class
is a consequence of the following theorem whose proof is similar to the proof of Maltsev’s
theorem:
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Theorem 6.2 (A.F. Pixley [38]) A variety V is arithmetical if and only if it has a term t so
that V models

t(z,y,y) = t(y,y,r) = t(z,y,z) = z.

The first class of varieties which was shown to be a Maltsev class but not a strong Maltsev
class was the class of all varieties in which all congruence lattices are distributive. Such a
variety is said to be congruence distributive.

Theorem 6.3 (B. Jénsson [25]) A variety V is congruence distributive if and only if for some

positive integer n, V has ternary terms dy, . ..,d, so thatV models the following equations:
x =~ do(z,y,2)
x =~ di(z,y,) for0<i<n
di(z,z,y) =~ digi(x,x,y) for eveni<n
di(z,y,y) ~ diyi(z,y,y) foroddi<n
dn(z,y,2) =~ =z.

Proof Suppose first that V has ternary terms as described. Let A € V and let 0, ¢ and

1 be congruences of A. Suppose that (a,c) € 0N (¢ V) and let a« = (6N @)V (0 NY).
We show (a,c) € a. There must be a = zg,z1,...,2, = ¢ in A with (x;,z;11) € ¢ U1 for

i < k. For any j < n and for any 7 < k, we have that (df(a,xi, c), df(a,xiﬂ, c)) € pU. Also,
df‘(a, xi,c)ﬁd?(a,mi,a) =q= df‘(a, :L‘Hl,a)@df‘(a, xit1,c¢). Hence, <df‘(a,:ni,c),df‘(a,:niﬂ,c)) €
«. By transitivity, for all 0 < j < n:

df‘(a, a,c) = d?(a,xo,c)adf‘(a, T, C) = df(a, ¢, ).

By the third and fourth equations above, this yields dﬁ(a,c, c)ozdﬁl(a,c, ¢) for all j < n.
Hence, a = d(a,c,c)ad®(a,c,c) = c. Thus, 6N (¢ V) C (0N @)V (0N1). The reverse
inclusion always holds, so we have established that Con A is distributive.

Now assume that V is congruence distributive and let F be the free algebra in V generated
by {z,y,z}. Let f, g, and h be homomorphisms from F to F given by:

f(z) = fly) ==,
f(2) =z,
g(z) =z,
9(y) = 9(2) =y,
h(z) = h(z) = x, and
h(y) =y.
Let ¢ = ker f, 1p = ker g, and 6 = ker h. Since (z,2) € 6N (pV ¢p) < (0N )V (6 N), there
must be elements wyg = z,x1,...,w, = z in F so that

w;Oz for all i < n,

w;hw; 4 for all even ¢ < n, and

w;pw; 11 for all odd i < n.
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Since F is generated by {z, y, z}, there must be ternary terms dy, . . . dy, so that alzF (z,y,2) = w;
for ¢ = 0,...,n. That these terms satisfy the desired equations follows as in the proof of
Maltsev’s theorem above. O

The following Maltsev characterization of congruence modularity is critical for work with
the modular commutator.

Theorem 6.4 (A. Day [7]) A wvariety V is congruence modular if and only if V has 4-ary

terms my, . .., My for which V satisfies the equations
T mo(x,y, z,u)
T mi(x,y,y, ) for all

mi(x,x, z, 2)

my (.’L’, Y, Y, U)
mn(2,y, 2, u)

miy1(z,x,2,2) fori even
mit+1 (CE, Yy, u) fO’f‘ i odd
u.

Q22

The terms in Theorem 6.4 are called Day terms. To prove Day’s theorem, we need the
following lemmas.

Lemma 6.5 Let my,...,my, be Day terms for a variety V. Let A € V and a,b,c,d € A. Let
~v € Con A with byd. Then avyc if and only if m;(a,a,c,c)ym;(a,b,d,c) for each i =0,...,n.

Proof First suppose that ayc. Then
m;(a,a,c,c)ym;(a,a,a,a) = a = mi(a,b,b,a)ym;(a,b,d,c). (6.2)

Next, suppose that m;(a,a,c,c)ym;(a,b,d,c) for all i. We will prove by induction that
m;(a,b,d,c)ya for all ¢. This is trivial for ¢ = 0 since mg(a,b,d,c) = a. Assume that
0 <i < n and that m;(a,b,d,c)ya. If i is odd, then

mi+1(a, b, d,c)ymit1(a,b, b, c) = mi(a,b,b, c)ym;(a,b,d, c)ya. (6.3)
If 7 is even, then
mit1(a,b,d,c)ymiyi(a,a,c,c) = mi(a,a,c, c)ym;(a,b,d, c)ya. (6.4)

This finishes the proof that m;(a,b,d,c)ya for all i. In particular, we now know that
aymp(a,b,d, c) = c. O

Lemma 6.6 (Shifting Lemma — Gumm [17]) Suppose that A is an algebra in a variety V
with Day terms mo,...,m,. Let o,y € Con A and let B be a compatible reflexive binary
relation on A. Suppose a0 B C ~y. If afb, cfd, acc, and b(a N~)d, then aye (see figure 2).

Proof We will employ Lemma 6.5, so we need m;(a, a, c,c)ym;(a, b, d, c) for all i. First note
that for all ¢ our assumptions imply m;(a, a, ¢, ¢)fm;(a, b, d, c). Next, note that for all ¢

m;(a,a,c,c)am;i(a,a,a,a) = a =m;(a,b,b,a)am;(a,b,d,c). (6.5)

Thus, we have
<mi(a7aac7 Ca)7mi(a7 bv d7 C)> € ozﬂﬁ - - (66)
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a 15 b a

Y X \
« )} = /\) vy /)
c I} d c

Figure 2: The Shifting Lemma.

By Lemma 6.5, avyc. o

Proof (Theorem 6.4) Suppose first that V is a variety with terms my,...,m, satisfying
Day’s equations. Let «, 3, and v be congruences on an algebra A in V with o > . We
must show that a N (B V) = (N B) V~. The inclusion D is always true. We establish the
forward inclusion. Define compatible reflexive binary relations I'g,I'1,... on A recursively
by I'o = fand I'pyy = TpoyoTy,. Then gV~ = J,-,I'n. We will prove by induction
that N Ty, C (an B) Ve~ for all n. First, a N Ty = N [ which is clearly contained in
(N B) V. Assume that n > 0 and anNDy, C (anNB)V~y. Let (a,¢) € aNTpqq. Since
v <aand vy < (anp) V-, we have the relations in Figure 3 for some b and d. The Shifting

Figure 3: The inductive step for the first half of the proof of Theorem 6.4.

Lemma now gives that (a,c) € (N )V ~. By induction, a NT';, € (a N F) Vv~ for all n, so
an(BVy) C (anf)V~y. This inclusion gives equality and completes the proof that Con A
is modular.

Next, suppose that V is a congruence modular variety. Let A be the free algebra in V on
the generators {z,y, z,u}. Let a = Cga(x,u) VvV Cgal(y,z), 8 = Cga(x,y) V Cga(u,z), and
v = Cga(y,2). Then (x,u) is in o N (B V ) which by modularity is equal to (a N 3) V 7.
This means there are elements ug,...,u, € A so that x = wug, u = un, wjax N PBui4q for
i even, and u;yu;4+1 for i odd. Let mg,...,m, be 4-ary terms so that m;(x,y, z,u) = u;.
Immediately, then, we have mg(z,y, z,u) = x and my(z,y,z,u) = u. Since v < «, all of
the u;’s are « related. This means that xam;(x,y, z,u)am;(x,y,y,z). However, by our
definitions, (x/a)NSga(x,y) = {z}, so we have m;(z,y,y,x) = x for all i. Let g: A — A be
the unique homomorphism defined by g(z) = ¢g(y) = = and g(u) = g(z) = 2. Then ker g = .
Suppose that ¢ is even. Since m;(x,y, z,u)(a N B)mi1(x,y, z,u), we have

mi(z,z,2,2) = mi(9(z),9(y),9(2), 9(u))

g(mi(xvyaz’u))

g(mi-i-l(xayaZ?u)) (67)
= miﬂ(g(x),g(y), (Z)ag(u))

= mit1(z, 2,2, 2).

Let f: A — A be the unique homomorphism defined by f(z) = z, f(y) = f(z) = y, and
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f(u) = u. Then ker f = . Suppose that i is odd. Since m;(z,y, z,u)ym;t1(x,y, z,u) we see

mi(z,y,y,u) = mi(f(x), f(y), f(2), f(v))

f(mi(z,y, z,u))

f(mig1(z,y, 2, u)) (6.8)
mi1(f(x), f(y), £(2), f(w))

= Mi+1 (1"7 Yy, u )

We have established these equalities in A:

x = mo(x,y,z,u)

x = my(x,y,y,x) for all ¢
mi(x,x,2,2) = mipi(z,x,2,2) forieven
ml(x vyu ) = miJrl(xvya y,U) for i odd
mn(x,y,z,u) = u.

Since A is freely generated in V by {z,y, z,u}, it follows that these hold as equations in all
of V. O

The lemma usually referred to as the shifting lemma assumes the underlying variety is
modular and that 3 is a congruence. The version we have stated happens to be equivalent
and is what we need to prove Day’s theorem directly. We actually proved that the existence of
Day terms implies the shifting lemma, that the shifting lemma implies congruence modularity,
and that modularity implies the existence of Day terms. Thus, these three conditions are
equivalent.

It has long been known that any lattice identity interpreted as a congruence equation is
equivalent to a weak Maltsev condition [46, 39], but it is still an open problem as to which
lattice equations are equivalent to Maltsev conditions. There are lattice equations which do
not imply modularity among lattices but which, when satisfied by the congruence lattice of
every algebra in a variety, do imply congruence modularity [8]. It was all but conjectured on
page 155 of [12] that all of these equations are Maltsev conditions for congruences. This has
recently been proven to be true.

Theorem 6.7 [6] A variety V is congruence modular if and only if for all tolerances a and
B on any algebra in V it is the case that Tr(a) N Tr(5) = Tr(a N B).

Using this theorem, it is easy to show that

Theorem 6.8 [5] Suppose that € is a lattice equation so that for any variety V if V=, €,
then V is congruence modular. Then the class of all varieties V with V=€ is a Maltsev
class.

7 Congruence Distributive Varieties

The commutator in congruence distributive varieties reduces to congruence intersection. This
can be proved later after we have derived some of the properties of the commutator in
congruence modular varieties. However, we offer a proof here based on the Jénsson terms.
This will illustrate in an isolated setting the intimate relationship between the commutator
and equations for Maltsev conditions. The proof we are about to see should be reminiscent
of Fact 5.5.



18 R. McKenzie and J. Snow

Theorem 7.1 A wvariety V is congruence distributive if and only

VEcola VY, 8] = [a, 8]V [v,8] and [a, 5] = a N B. (7.1)

Proof Half of this is almost obvious. Suppose that congruences in V satisfy the stated
commutator equations. Let «, 3,7 be congruences on an algebra A € V. Then

(@np)v(ynp) = [a,p]V]y,0]
[V, ] (7.2)
= (aVvy)Nng.

Thus Con A is distributive.

For the reverse direction, we will need to use Jonsson’s terms. Suppose that V is a
congruence distributive variety and let dy,...,d, be Jénsson terms for V. Let A € V and
a, € ConA. We will prove that [a, 3] = an . That [a, 5] C anNfF is always true. We
will prove the reverse inclusion. Let § = [«, ] and let (z,y) € an B. We will prove by
induction that d;(z,y,x)dd;(z,y,y) for all i = 0,...,n. This is trivially true for dy since
x = do(z,y,x) = do(x,y,y). Suppose that 0 < i < n and d;(z,y,x)dd;(x,y,y). There are
two cases — either ¢ is even or it is odd. Supposing that ¢ is odd, then

dip1(z,y,x) = di(z,y,2)dd;(x,y,y) = dit1(z,y,9). (7.3)

.. . dz(xaywx) dz(flf,y,y) .
Suppose next that ¢ is even. Since < Az z.2) dilz.z.1) € M(a, ), from C(a, 5;0) we

can conclude that d;(x,z, x)dd;(x, z,y). It follows that

di—l-l(xa I‘,JI) = di(.%',l’,l’)édi(l‘,w,y) = di+1($,$,y). (74)

div1(z,z,x) dig1(z,z,y) >
eM «, )
( div1(z,y,2) diy1(2,y,y) ()

so centrality now gives d;11(z,y,x)dd;1+1(z,y,y). This completes the proof that for all i €
{0,...,n}, di(z,y,z)dd;(z,y,y). The particular case we care about is i = n, which gives

z =dp(z,y,2)0dn(z,y,y) = y. (7.5)

Thus we have a N C [o, 5], so these congruences are actually equal. We have that
VEconla, 8] = an B. The other equation now follows immediately from distributivity. Sup-
pose that «, 3,7 are congruences on an algebra in V. Then

[av~y,8] = (avy)Np
= (anp)Vv(ynp) (7.6)
= o8]V [y, 8l

a

Of course, this gives

Corollary 7.2 The only Abelian algebras in a congruence distributive variety are trivial.
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8 Congruence Modular Varieties

The commutator is particularly well behaved in congruence modular varieties. In fact, we can
extend all of the properties listed for the group commutator in Section 2 to the commutator in
congruence modular varieties. Our primary tool for doing so will be this next characterization
of centrality in congruence modular varieties.

Definition 8.1 Suppose that o and (B are congruences on an algebra A in a variety with
Day terms my, ..., my. Define x(a, 3) to be the set of all pairs (m;(x,z,u,u), m;(x,y, z,u))

for which ( z ZZ/ ) € M(«a, ) and m; is a Day term.

Theorem 8.2 (R. Freese, R. McKenzie [12]) Suppose that o, 3, and «y are congruences on
an algebra A in a congruence modular variety. The following are equivalent.

Proof We will prove that (1) — (2) — (3). Then exchanging « and [ in these implications
will show that all four conditions are equivalent.
(1) — (2): Suppose that C(«, ;7). Let t be an (n + m)-ary term of A. Let a,b € A"
. . . . t(a; X) t<a7 Y)
and x,y € A™ with a;ab; for all ¢ and x;8y; for all . This makes ( t(b,x) t(b.y) a

generic element of M(a, 3). To establish the implication, we need to prove that
mi(t(a, %), £(a, %), £(b, %), £(b, x)ymi(t(a, x), t(a, ), t(b,y), t(b,x)) . (8.1)
The matrix

( m;(t(a,x),t(b,x),t(b,x),t(a,x)) m;(t(a,x),t(b,y),t(b,y),t(a,x)) > (8.2)
m;(t(a,x),t(a,x),t(b,x),t(b,x)) m;(t(a,x),t(a,y),t(b,y),t(b,x)) )

is in M («, 3). Notice that by the Day equations both elements of the top row of this matrix
equal t(a,x). In particular, the top elements are 7 related. It follows then that the bottom
elements are also 7 related as desired.

(2) — (3): Suppose now that x(«, 3) C v. Suppose that < 2 (ci > € M(f,«) and that

byd. Tt follows that ( Z cbz

all i. By Lemma 6.5 it follows that avyc, so C(8, ;7).
We now have (1) — (2) — (3). By trading a and 3, we get (3) — (4) — (1), so the
statements are equivalent. a

) € M(a, 3) and hence that (m;(a,a,c,c),m;(a,b,d,c)) € ~ for

We can now easily prove the following corollaries.
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Theorem 8.3 Suppose that o, B, and v are congruences on an algebra A in a congruence
modular variety.

(1) Cla,B;v) if and only if [a, B] < .

(2) [a, 8] = Cgalx(e, ) = Cga(x(B, @)).
(3) C(a, B;7) if and only if C(B, ;7).

(4) o, 8] = [B,0] .

(5) If {ag : t € T} C Con A then [\, ar, 5] =\, o, B].
(6)

6) For any surjective homomorphism f: A — B, if 7 = ker f then

e, ]V = fH(f(aV ), f(BV )

and

[flavm), f(BVm)] = f(le, B] V ).

(See figure 4)
Con A ConB

aV T

Figure 4: To calculate [f(a V), f(8V )], first pull back through f to oV and SV «. Their
commutator [«, 5] might not lie above 7, so join with 7. The image of this congruence under

fis [flavm), f(B V)]

Proof (1)-(4) are immediate from the previous lemma and the definition of the commutator.
We look first, then, at (5). That \/,[a, 3] C [V, at, 3] follows from monotonicity. To establish
the reverse inclusion, it suffices to show that C(\/, as, 5;\/,[o4, f]). First, notice that by
property (1), C(a, 3; V[, 5]) holds for all ¢. Then Lemma 4.4(1) gives the desired result.

For part (6), note that by part (5) [a, 8] V7 = [aV 7,V 7|V m; and from this the two
statements can easily be seen to be equivalent. Part (6) now follows from the fact that the
function induced by f on A* maps M(a V 7,8V ) onto M(f(a V 7), f(3V 7)) and maps
x(a VvV, BV r)onto x(flaVn), f(BV)). O

The symmetry in the above theorem gives us this characterization of centrality in con-
gruence modular varieties.
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Corollary 8.4 Suppose that o, 3, and § are congruences on an algebra in a congruence

modular variety. Then C(a, 3;9) if and only if for all ( Z Z ) € M(a, )

adb « cdd and adc « bid. (8.3)

To make further arguments clearer, we will often write the elements of A? as column
vectors.

Definition 8.5 Suppose that A is an algebra in a congruence modular variety and o, 5 €
Con A. Let A(a) be the subalgebra of A% whose universe is o and define these three congru-

ences on A(a)
at={{(2).(¥))ca@?: s} (8.4)

am={{(4) (1)) ca@?: @ e} (85)
ool () (2 ome]).

Lemma 8.6 Suppose that a and 3 are congruences on an algebra A in a congruence modular
variety. For i € {0,1}, let m; : A% — A be the projection to the it" coordinate and let
ni = ker mi|a (o). Then

) mnN Aa,ﬁ - [a,ﬂ]o'
no N Agp C o, B)1-
a,B Vo = Wal(ﬂ)

a,fB Vi = Wfl(ﬁ)

2

(1)
(2)
3) A
4) A

Proof For the proof, we will write A for A, 3. Let << z > , ( i )> € n1 NA. Then

Yy
This means that there are ag,...,an,bo,...,b, € A so that a9 = z, bg = a, = b, = ¥y

(] w R

we have the arrangement in Figure 5, so we can conclude that <( * ) , ( 'Z )> em NA.

Ui ml ) o=

(7 ) (

Figure 5: The shifting lemma for Lemma 8.6 (1).

and for each i < n < Zi ZiH > € M(a,f3). Since (an,b,) = (y,y) € [a, 3], we can use
i biy1
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Corollary 8.4 to establish that (a;,b;) € [a, f] for all i. In particular, (z,y) € [a, 5]. This

places << z > ) < z >> € |o, Blo as desired. We have established that 7 N A C [, B]o.

This proves (1). (2) now follows because

() () etwme((2)()))ewm oo
((0)-(0))eas((2)- (V)2

For (3), suppose that x0y, zau and yav. Then

(o)) (5 )m()): e

This shows 75 '(8) C 1o V A. The other inclusion is trivial. (4) is similar. O

and

Theorem 8.7 Suppose that V is a congruence modular variety. The commutator is the
greatest binary operation defined on the congruence lattice of every algebra in V so that for
any A,B €V, for any o, B € Con A, and for any surjective homomorphism f: A — B

[a, B] < anpf and (8.10)

o B}V = fH([f(aV ), f(B V). (8.11)

Proof Let C be any other binary operation on the congruence lattices of algebras in V
satisfying the stated properties. We will prove that the commutator always dominates C.
The proof is essentially the same as that of this property for groups presented in Section 2.
Let o and 3 be congruences on an algebra A in V.

For i € {0,1}, let m; : A(a) — A be the projection to the i'® coordinate with 7; =
ker 7| A(a)- Let A = A, . In Con A(a) we have C(n1,A) € m NA by our assumptions on
C. Also, ;m NA C [a, Blo by Lemma 8.6. Hence C(n1,A) C [, Blo. Let ag = 75 *(a) and
Bo = 7r0_1(ﬁ). Then ag =ng V1 and By =n9 V A so a = mo(no V1) and 5= mo(no V A). It
follows then by our assumptions on C' that

Cla,B) = C(mo(noVm), mo(no VA))
= mo(C(m,A) Vo)
8.12
C  mo([ev, Blo) (8.12)
= [a,pf].
This concludes the proof that C' is always dominated by the commutator. O

At this point in time, we have an extension of all seven of the properties of the group
commutator listed in Section 2.
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9 Abelian Algebras and Abelian Varieties

Recall that we defined an algebra A to be Abelian if [14,14] = 04. In some respects, Abelian
algebras and algebras generating congruence distributive varieties represent two extremes in
congruence modular varieties. In Abelian algebras, the commutator is as small as possible. In
algebras generating congruence distributive varieties, the commutator is as large as possible.
This dichotomy is emphasized further in this theorem.

Theorem 9.1 Suppose that A is an algebra in a congruence modular variety. The following
are equivalent.

1) The projection congruences have a common complement in Con A x A.

(1)
(2) M3 is a 0-1 sublattice of Con A2
(3) M3 is a 0-1 sublattice of some subdirect product of two copies of A.
(4) A is Abelian.

Proof (1) — (2) and (2) — (3) are immediate. Suppose that B is a subalgebra of A? which
projects onto both coordinates and that Msj is a 0-1 sublattice of Con B. We claim that B
is Abelian. Let «, 3, and v be the atoms of the copy of Mj3. Then

(1, 15] [V B,a V4]
[a,a] Va,y] vV [B,a] V[3,7]
av(3n) O

a

I1m

so [1p,1p] C a. Similarly, [1p,15] is below  and «. Thus, [15,15] = 0p and B is Abelian.
Let m: B — A be either projection and = ker 7. Now by Theorem 8.3 (6) we have

[14,14] = [7(1p),7(1B)]
= 77([137 13} \ 77)
— ) (9.2)
= 04g.

Thus A is Abelian, so (3) — (4).

Now assume that A is Abelian. For i = 0,1, let m; be the projection of A2 to the "
coordinate and let n; = kerm;. Let A = Ay, 1,. It follows from Lemma 8.6 that AV 7, =14
for i = 0,1. Also, ANmn; C [1a,14]1—s = m—; for i = 0,1, so Anmn; = 042. Thus, A is a
complement of both projection kernels. O

Definition 9.2 Two algebras are polynomially equivalent if they have the same universe and
the same polynomial operations. An algebra is affine if it is polynomially equivalent with a
module over a ring.

J.D.H. Smith and R. McKenzie independently proved that any Abelian algebra in a
congruence permutable variety is affine. C. Herrmann [20] proved that any Abelian algebra
in a congruence modular variety is affine using a complex directed union construction which
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forced the existence of a Maltsev operation in the original algebra. This Maltsev operation
is the key to the proof. H.-P. Gumm [13, 15] also constructed this term with his geometric
arguments. Walter Taylor developed the following terms which we will be able to use to
construct such a Maltsev term.

Lemma 9.3 (W. Taylor [45]) Suppose that V is a congruence modular variety and that
mo, ... my are Day terms for the variety. Define ternary terms qo, . .., qn recursively in the
following manner

QO($7y7 Z) = =z
Qi+1(x,y, Z) = mi+1(Qi($7yaz)amvyaqi(x)?ﬁ Z)) ZfZ is even
QiJrl(:Evy’ Z) = mi+1(q’i(x7yvz)7ya$aQi(‘rvy, Z)) ZfZ is odd.

Then
(1) V E aie.a.y) ~y for alli.
(2) For any congruence 3 on an algebra A € V and any (x,y) € 5, (gn(z,y,y),z) € [3,].

Proof Part (1) we prove by induction on ¢ = 0,1,...,n. It is trivial for ¢ = 0. Suppose that
i>0and V = ¢i(z,z,y) = y. Then

~ mi-l—l(Qi(xaxay)7x7x7Qi(m7xay)) i even or odd
~ mi+1(ya$7xay) (93)
~ oy

Qi+1(377 xz, y)

Let 3 be a congruence on an algebra A in V and let zf8y. We will prove by induction that

ai(z,y,9)[B, Blmi(y,y,z,x)  for even i and (9.4)
Qi($7yay)[ﬂvﬁ]mi<yayvyaw) for odd 1. (95)

This will be sufficient. The case of i = 0 is trivial. So suppose first that i is even and
qz(xa y?@/)[ﬁaﬁ]ml(y?y)x"m) It follows that

QiJrl(‘T’ Y, y) = mi+1(qi($a Y, y)v €, Y, QZ(mv Y, y)) (96)
[576] mz‘+1(mi(y7y7$a$)7$ay7mz‘(%ya$aﬂ?))-

Also note that

mi-‘rl(mi(y; y7x7$)7x7£7mi(y7y7maw)) - mi(y7y737733)
= mi+1(y7 Yy, x, CL') (97)
= mir1(mi(y,9,9,9), y, 2, mi(v, 2, 2, 7).

By centrality, we can replace the underlined variable with the (-equivalent y and maintain
equivalence modulo [, 3]. Thus

mMi+1 (ml(ya Yy, x, .'L'), Ty, ml(yv Yy, z, ZE))[,@, ﬁ]miJrl(mi(y’ vy, y)7 Y, Y, mi(mv Z,T, l‘)) (98)
Combining this with 9.6 gives

Qi+1(xvy7y)[ﬁaﬁ]mi—i-l(yayvyaw)' (99)
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The case when 7 is odd is similar. O

Part (1) of the lemma tells us that ¢, obeys half of Maltsev’s equations. In the case when
A is Abelian, we can take (3 in part (2) to be 14 and get the other half of the equations. Once
we have the Maltsev operation, we can prove that the Abelian algebra is affine. Any ternary
term satisfying the two properties above for g, is called a Gumm difference term. The Gumm
difference term is all we need to conclude that any Abelian algebra in a congruence modular
variety is congruence permutable. A weak difference term for a variety V is a term d so that
whenever 6 is a congruence on an algebra in V and afb, then

d(b, b, a)[0, 0)al0,6)d(a, b, b).

The presence of just a weak difference term would be enough to conclude that all Abelian
algebras are affine. In [28], K. Kearnes and A. Szendrei prove that having a weak difference
term is equivalent to a Maltsev condition. In fact, any variety in which congruence lattices
satisfy a nontrivial lattice equation has such a term.

Corollary 9.4 (C. Herrmann [20]) If A is an Abelian algebra in a congruence modular
variety, then any Gumm difference term of A is a Maltsev operation. In particular, every
Abelian algebra in a congruence modular variety has permuting congruences.

A little more generally:

Corollary 9.5 If 8 is a congruence of an algebra A in a congruence modular variety and
[8,5] =04, then every congruence of A permutes with (3.

Proof Suppose that (§ is a congruence on A satisfying [, 3] = 04 and « is any congruence
on A. We will prove that ao f = 3 o a. Suppose that (x,z) € B o «. There is some y € A
with zfyaz. Denote the Gumm difference term of A by d. Then d(y,y,2) = z and since
(3,8 = 04, d(,y,y) = o. Therefore,

z=d(z,y,y)od(z,y,2)Bd(y, y, 2) = z.

We have shown that foa C ao . It follows that a and 8 commute as in the proof of
Theorem 6.1. O

Before we prove that Abelian algebras in a congruence modular variety are affine, we need
to know a few things about Abelian algebras with Maltsev terms.

Definition 9.6 Suppose that f(xi,...,x,) and g(x1,...,zy) are operations on a set A.
Then f and g commuite if they satisfy the equation

flg(xt, o oal) g, o 22), . g2, ... 2)

:g(f(x%,,x?),f(m%,,xg),,f(x}n,,x%))

Commutativity of operations can be viewed more easily using matrices. Consider an mxn
matrix with entries from A:

a‘;‘% x% PEEEY x’f’
1 2 n
1‘2 "1;‘2 DY ‘/1;‘2
1 2 n
Tm Tm Lm
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We could apply g to each column of this matrix and then evaluate f at the resulting vector,
or we could evaluate f along each row and apply g to the result. If f and g commute, these
will be the same.

Definition 9.7 A ternary Abelian group is an algebra with a single ternary basic operation
which satisfies Maltsev’s equations and commutes with itself.

Theorem 9.8 (H.-P. Gumm [13]) Suppose that A = (A, d) is an algebra with a single ternary
basic operation. The following are equivalent.

(1) A is a ternary Abelian group.
(2) There is an Abelian group (A,+,—,0) with universe A so that d(z,y,z) =x —y + z.

Proof If there is such a group, it is easy to check that d(z,y,z) = =z — y + 2z is a Maltsev
operation which commutes with itself, so A is a ternary Abelian group. On the other hand,
suppose that A is a ternary Abelian group. Let 0 € A be arbitrary and define z+y = d(z, 0, y)
and —z = d(0,x,0). It is routine to check that these operations make (A, +, —,0) an Abelian
group and that d(x,y,2) =z —y + 2. O

Theorem 9.9 The following are equivalent for any algebra A.

1) A is affine.

2) A has a Maltsev polynomial and satisfies C(14,14;04).

4

(1)
(2)
(3) A has a Maltsev polynomial which commutes with every polynomial operation of A.
(4) A has a Maltsev term which commutes with every term operation of A.

()

5) A has a Maltsev term and is Abelian.

Proof Suppose that A is affine. Then A is polynomially equivalent to a module. The
proof that C'(14,14;04) can be gleaned from the discussion on modules in Section 5. Thus

(1) = (2).

Suppose now that A has a Maltsev polynomial m and that C(14,14;04). We will prove
that m commutes with every polynomial operation of A. Suppose that ¢ is an (n 4+ m)-ary
term of A, x,y,z € A", and ¢ € A™. Then

m(t(Y7 C)? t(y7 C), t<Z7 C)) = m(t(z, c), t(Yu C), t(ya C))

Then
m(t(m<@7 yOa yO)v LR m(yn—h yn—h yn—l); C), t(yv C)7 t(Z, C))

= m(t(m(yja Yo, ZO)? R m(yn—h Yn—1, zn—1)7 C), t(ya C)a t(y: C))

Applying C(14,14;04), we can replace the underlined variables with corresponding x’s to
get
m(t(m(@v y()a y0)7 LR m(xn—la yn—17 yn—1)7 C), t(Y7 C)a t(Z, C))

= m(t(m(@a Yo, ZO)7 EEER) m(xn—b Yn—1, Z'n,—l)a C)a t(Y7 C)a t(Y7 C))
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Maltsev’s equations now give

m(t(x, 0)7 t(Yv C)v t(Z, C)) = t(m(l@? Yo, Z0)7 R m(ZIIn,l, Yn—1, znfl)v C)'

Thus m commutes with any polynomial, so (2) — (3).

Now suppose that A has a Maltsev polynomial m which commutes with every polynomial
of A. We know immediately that m commutes with every term of A and with itself. We
need only to prove that m is a term operation of A. Since m is a polynomial of A, there is
a term operation S of A and elements aq,...,a, € A so that for any x,y,z € A

m(x,y, Z) = S(l‘,y, ZyQ1y .- 7an)-

Let z,y,z € A. We will express m(x,y, z) as a term evaluated only at x,y, and z. Let 0 € A
be arbitrary and define « = S(0,0,0,y,...,y). We have:

m(xmyv Z) = m(m(x,y, Z)am(o 0 O) (Ct « 0))

= m(m(z,0,a),m(y,0,a),m(z,0,0))

= m(m(z,0,a),m(y,0,q),z)
m(m(z,0,a), m(m (y,O a),m(y,0,a), m(y,0,a)),
m(z, m(y,0,a), m(y,0,a)))

= m(m(z,m(y,0, a) z),m(0,m(y,0,), m(y,0,a)), m(a,
m(y, 0, a),m(y,0,a)))

= m(m(z,m(y,0,a),z),0,«a)

= m(m(z,m(m(y,y,y), (0 0,0),a),2),0,a)
m(m(x,m(S(y,y,y,a1,...,a,),5(0,0,0,a1,...,a,), (9.10)

S5(0,0,0,y,...,¥)),2),0,a)
z, S( (yvo 0) (ya070)7m(y7070)7m(a17a17y)7
s m(an, an,Y)), 2), 0, @)
m(m 2, S(Y, Y, Y5 Ys -+ -5 ¥), 2), 0, )
( (LU S(yvyﬂyay)"'7?/)727@17‘"7an))5(070)0)a1)°"7an)7
0

I
3
i

( ) 70 y""7y)
= S(m(a: O 0) (S(yayayayw--79)7070)77”(27070)7m(a17a17y),
ce ((ln, anay))

= S, SW v YUY, Y) 2 Yy Y)

Thus, m is actually a term and we have established that (3) — (4).

Assume now that A has a Maltsev term m which commutes with every term operation of
A. We will prove that A is affine. Let 0 € A be arbitrary and define z + y = m(z,0,z) and
—2z =m(0,2,0). Then by Theorem 9.8, A= (A, 4+, —,0) is an Abelian group. We will define
a ring R so that A becomes an R-module. Let R be the set of all unary polynomials of A
which fix the element 0. R is nonempty since the unary projection operation and the constant
0 are both in R. Since m commutes with the terms of A and is idempotent, m also commutes
with the polynomials of A. Therefore, m commutes with each r € R. Since each r € R fixes 0,
it follows that each r is an endomorphism of A. Notice that R is closed under the operations
of the ring End A. This is because R contains the identity of End A (the unary projection)
and the zero of End A (the constant 0), and because for each r, s € R the operations r + s,
—r,and rs = ros are unary polynormals of A which fix 0. Thus R is the universe of a subring
R of End A. Since R C End A, we have the natural structure of A as an R module. We will
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denote this module as gA. We claim that A and g A are polynomially equivalent. We must
show that Polg A = Pol A. That Polg A C Pol A should be clear. We will prove inductively
on rank that every polynomial p(xg,...,z,—1) of A is a polynomial of gA. Suppose first
that p is a unary polynomial of A. Let r(z) = p(x) — p(0). Then r is a unary polynomial of
A which fixes 0 so r € R. Moreover, p(z) = p(z) —p(0)+p(0) = r(x) +p(0). If ¢ = p(0), then
p(x) = rz + c is a polynomial of g A as desired. Next, assume that any n-ary polynomial of
A is in Polg A, and let p be an (n + 1)-ary polynomial of A. Then

p(zo,...,xn) = p(m(xo,0,0),...,m(zn-1,0,0),m(0,0,z,))

= m(p(xo,...,xn_l,O),p(O,...,0),p(0,...,0,xn)) (911>
= p(zo,...,Tp-1,0) —p(0,...,0) +p(0,...,0,2,).
Now, p(zg, . ..,Zn—1,0) is an n-ary polynomial of A, and p(0,...,0,z,) is a unary polynomial

of A. As such, each of these is a polynomial of gA. Since p(0,...,0) is a constant, this
makes p a polynomial of g A. This proves that Polg A = Pol A and completes the proof that
(4) — (1).

We have proven that (1) — (4) are equivalent. It is easy to see that these combined are
equivalent to (5). O

Suppose that A is an Abelian algebra in a congruence modular variety. Then A has a
Maltsev term by Corollary 9.4. By the previous theorem, A is affine. On the other hand,
any affine algebra is Abelian; so we have the Fundamental Theorem of Abelian Algebras:

Theorem 9.10 (C. Herrmann [20]) An algebra in a congruence modular variety is Abelian
if and only if it is affine.

This theorem has been extended by K. Kearnes and A. Szendrei [28] to the following.

Theorem 9.11 If a variety V satisfies a nontrivial lattice equation as a congruence equation,
then the Abelian algebras in V are affine.

A congruence modular variety in which every algebra is Abelian is termed an Abelian
variety or an affine variety. In Sections 13 and 14, we will need some information about
these varieties. We develop that information now without giving proofs (which in every case
are easy and routine). For more detail on this topic, see R. Freese, R. McKenzie [12], Chapter
IX.

Definition 9.12 Two wvarieties V and W are said to be polynomially equivalent if every
algebra in each of the varieties is polynomially equivalent with an algebra in the other.

Suppose that A is a congruence modular, Abelian variety. Let d(x,y,z) be a Gumm
term for A and let F be the free algebra on A freely generated by {z,y}. Let R be the
set of all t(x,y) € F such that A | t(z,xz) ~ x. For r = r(z,y) and s = s(x,y) in R,
put ros = r(s(m,y),y), r+s = d(r(x7y)7ya5(x7y))v —r =d(y,r(z,9),y), 0 =y, 1 = =
Then R = (R, +,0,0, 1) is a ring with unit and we have the Fundamental Theorem of Affine
Varieties:

Theorem 9.13 If a variety A is congruence modular and Abelian, then A is polynomially
equivalent with the variety g M of unitary left R-modules where R is the ring of idempotent
binary terms of A defined above.
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In fact, if A € A, then the universe of A becomes an R-module, denoted r A, by choosing
some element a € A and putting 0 = a, rb = r2(,0), b+c = d*(b,0,c), and —b = d*(0, b,0)
for {b,c} C A and r € R. This module is, up to isomorphism, independent of the choice of
0 in A. The two algebras A and g A are polynomially equivalent. The Gumm term comes
out to be dA(z,y,2) = x — y + z (evaluated in the module). The passage from A to rA
is generally many-to-one—i.e., RAg = rA does not imply Ay = A;. But every R-module
occurs as rA for some A € A.

Every algebra A € A is closely associated with an algebra Ay with a one-element subal-
gebra (although A need not have any one-element subalgebra). Namely, Ay = (A X A)/Aq;
with Ay the congruence on A x A generated by {((z, ), (y,v)) : {z,y} C A}. One verifies
that if we choose 0 = a in gA and 0 = (a,a) in g(A x A), then (A X A) = A X gRA.
Since A x A and g(A x A) have the same congruences (being polynomially equivalent), it is
easily seen that Ay 1 = {{{z,y), (u,v)) € A2 x A? : 2 —y = u —v}. Then Ay = rA while
Ay has the one-element subalgebra V = {(z,x) : x € A}.

10 Solvability and Nilpotence

We can use the commutator to extend the ideas of solvability and nilpotence to congruence
modular varieties. Before we tackle this topic, we will derive H.-P. Gumm’s Maltsev charac-
terization of congruence modularity—which is (relatively) easy to do thanks to the Gumm
difference term supplied by W. Taylor’s equations.

Theorem 10.1 (H.-P. Gumm [16]) A variety V is congruence modular if and only if V has
ternary terms dy, ..., d, and q satisfying

x =~ do(z,y,2)
~ di(z,y,x) for all i
di(x,x ,z) ~ diyi(x,x,2) for eveni
di(z,2z,2) =~ dig1(z,2,2)  for odd i
dp(z,2,2) =~ q(z,2,2)
q(z,z,2) ~ =z.

Proof Suppose that V is a congruence modular variety, and let ¢ be a Gumm difference
term for V. Let F be the free algebra in V on the generators {z,y, z}. Let a = Cgp(z,vy),
8 = Cgr(y, 2), and v = Cgp(x,z). Then (x,z) € yN (aV (). Now by the property of the
difference term, (z,¢(x, z,2)) € [yN (aV §),y N (a V B)]. However

[yn(avB),yn(avp)] [y, a V3]
[v,e] V [v, B (10.1)
(yNa)V(yNp).
Thus (x,d(z,z,2)) € (yNa)V (yNG). This means there are ug,...,u, € A with up = =z,
un = q(x, 2, 2), uiou;y if @ is even, w;fu;rq if ¢ is odd, and w;yu;+1 for all . There are
ternary terms dp,...,d, so that u; = d;(z,y, z) for each i. Now, z = dy(x,y, z) holds by
design. Define f,g,h : F — F to be the unique homomorphisms defined by

f@)=fly) = f(2) = (10.2)
g(x) =, ()—g()= (10.3)
W) = h(z) =z,h(y) = y. (10.4)

IA A
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Then ker f = «, ker g = 3, and ker h = «. For any i, notice that

x = do(z,y,x)

d(zgig z), (Z;iah( z))
= o\ZL,Y, <
h(di(z, y. ) (105)
di(h(z), h(y), h(2))

= di(z,y,x).

Suppose now that ¢ < n is even. Then

di(w,2,2) = di(f(x), f(y), f(2))
= f(dz(flf,y,Z))
= f(di+1(l',y,2)) (106)
= dit1(f(2), f(y), f(2))

= dit1(x,z, 2).

If i < n is odd then
di(xazwz) = di(g('r)ag(y)vg(z))
g(d’t(xay7z))
9(dit1(z,y, 2)) (10.7)

di+1(9(), (), 9(2))
= dit1(z, 2, 2).

Finally, dy(z,z,2) = q(z,z,2) by design, and ¢(x,z,2) = z since ¢ is a Gumm difference
term. Since these terms satisfy these equations in F, they satisfy the equations throughout

V.

Finally, assume that V has terms dy, ..., d,, ¢ satisfying the equations in (3). If n were
even, then the equations would imply that d,,—i(x, z, 2) =~ ¢q(z, z, z) also, so we can assume
that n is odd. Define 4-ary terms my, ..., mop+o in the following manner. mo(z,y, z,u) =
and

maoi—1(z,y, z,u) = di(x,y,u) for i odd (10.8)
mai—1(z,y, z,u) = d;i(x, z,u) for i even (10.9)
mai(z,y, z,u) = d;(x, z,u) for i odd (10.10)
mai(z,y, z,u) = d;(x,y,u) for i even. (10.11)

Also, let mop+1 = q(y, z,u) and map42(z,y, z,u) = u. It is routine now to check that these
are Day terms for V. Hence V is congruence modular. O

H.-P. Gumm’s Maltsev condition for congruence modularity may be viewed as a compo-
sition of B. Jdnsson’s condition for congruence distributivity and A.I. Maltsev’s condition
for congruence permutability. Notice that in the proof of Gumm’s theorem, the term ¢ was
chosen to be the difference term of V. Thus every difference term has Gumm terms associated
with it. On the other had, every ¢ arising from the Gumm terms is a difference term. Hence

Theorem 10.2 The following are equivalent for any ternary term q in a variety V.

(1) V is congruence modular; V = q(x,z,y) ~ y; and for all A € V, for all f € Con A, for
all (a,b) € B, (a,q(a,b,b)) is in [5, B].
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(2) For this particular q, there exist ternary terms dy, ..., d, satisfying Gumm’s equations
for congruence modularity.

Proof All we need to prove is that if dy, ..., d,,q are Gumm terms for a variety V), then ¢
is a difference term. Suppose that § is a congruence on an algebra A in V and that a(b in
A. We only need to establish that (a,q(a,b,b)) € [B, 5] since the other equation is part of
Gumm’s equations. We will first establish (d;(a, b,b),d;(a,a,b)) € [3, 3] for all i. This is true
by centrality since

(et 5ot = Cacun accon ) 000

is in M (S, 3). Next, we establish (d;(a,b,b),di+1(a,b,b)) € [3, 5] for all 7. If i is odd, this is
actually an equality, so there is nothing to show. If ¢ is even then

di(a, b, b) [ﬂ, ﬂ]dl(a, a, b) = di—i—l (CL, a, b) [,8, ﬂ]di+1(a, b, b) (1013)

Now it follows that
a = dy(a,b,b)[3, Bldn(a,b,b) = q(a,b,b). (10.14)
O

Definition 10.3 Suppose that 3 is a congruence on an algebra A in a congruence modular
variety. Define (B]°, (8%, (B]%, ... recursively as follows. First, (3] = B. Nest, if (B]" is
defined, then (8]"*1 = [B,(8]"]. If (B]™ = 0 for some n, then 3 is n-step nilpotent. If 14 is
n-step nilpotent, then A is also called n-step nilpotent. Also define the sequence [3]°, [8]*,
(812, ... recursively by [3]° = B and [B]""! = [[B]", [8]"]. If [B]" = 04 for some n, then (3 is

n-step solvable. If 14 is n-step solvable, then A is also called n-step solvable.

Definition 10.4 Suppose that q is a Gumm difference term for a congruence modular variety
V. Define a sequence of ternary terms qo,q1,q2, . .. recursively by qo = q and gn+1(z,y,2) =
qo(x, qn(z,9,9), qn(z,y, 2)). We will call these terms generalized Gumm terms.

Theorem 10.5 (H.-P. Gumm [17]) Suppose that o and [ are congruences on an algebra A
in a congruence modular variety. Then oo 3 C [a|" o foa and o C (a]™ o Boa for all n.

Proof We prove this by induction on n. For n = 0, [a|” = a, so the inclusion is trivial.

Suppose that the inclusion holds for n > 0 and suppose that aabBc. By our induction
hypothesis, there are z and y so that ala]"xzfByac. Let ¢ be the Gumm difference term of A.
Then

(a,q(a,z,2)) € [[a]",[a]"] C [a]" . (10.15)

Therefore
ala)"q(a,z, x)Bq(a, z,y)aq(z, x,c) = ¢ (10.16)
so {a,c) € [a]"™ o Boa. The other claim in the theorem is proved similarly. O

If « is n-step solvable, then [a]™ = 0, so this theorem gives a0 3 C o . It follows that
a and  permute (as in the proof of Theorem 6.1). Hence
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Corollary 10.6 Suppose that a is an n-step solvable (or nilpotent) congruence of an algebra
A in a congruence modular variety. Then a permutes with every congruence of A.

If A is n-step solvable, then every congruence on A is n-step solvable, so A has permuting
congruences. Moreover, we can adapt the above proof using the generalized Gumm terms to
manufacture a Maltsev term for A so that the entire variety generated by A has permuting
congruences.

Theorem 10.7 Suppose that A is an algebra in a congruence modular variety with general-
ized Gumm terms qo,q1,q2, ... If A is (n + 1)-step solvable (or nilpotent) for some n, then
A has permuting congruences, and the term q, is a Maltsev term for A.

Proof Leta,bc A. We will first prove that (a, g (a, b, b)) € [14]*** for all k. We proceed by
induction on k. Since g is a difference term and (a,b) € 14, we clearly have (a, go(a,b,b)) €
[14,14] = [14]'. Now assume that & > 0 and that (a,qx(a,b,b)) € [14]**. Since qo is a
difference term, (a, qo(a, qx(a,b,b), qx(a,b,b))) € [LaFF1, [14]¥H1] = [14]%+2, as desired. We
have proved that (a,qg(a,b,b)) € [L4]**! for all k. Since [14]"T! = 04, this means that
a = qn(a,b,b).

Next, we will prove by induction that gx(a,a,b) = b for all k. This is true for k = 0 since
qo is a difference term. Assume that £ > 0 and that gx(a,a,b) = b. Then gg41(a,a,b) =
qo(a, qr(a,a,a), qx(a,a,b)) = qo(a,a,b) = b. We have shown that gx(a,a,b) = b for all k. In
particular ¢,(a,a,b) = b.

We have proven that for arbitrary a,b € A, ¢,(a,b,b) = a and gy(a,a,b) = b. Therefore,
qn is a Maltsev term for A and the result follows. The claim for nilpotence is proven in a
similar manner. O

Theorem 10.8 The class of n-step solvable (nilpotent) algebras in a congruence modular
variety V s a variety.

Proof We prove the theorem for the case of nilpotence. Let K be the class of n-step nilpotent
algebras in V. We will prove that K is closed under homomorphic images, subalgebras, and
products.

Suppose that A € K and that f: A — B is a surjective homomorphism with ker f = 7.
We will prove by induction on k that (15]* = f((14]* v 7) for all k. This is trivial for k = 0,
so assume that k > 0 and that (15]* = f((14]* V 7). Then

(1p]F = [1p,(15]"]
= [fAavm), f((1a]F v )]
= f([1a, (1a]¥] v )
= f(Aa"*t V).

It now follows that (15]" = f((14]™ V) = f(7) = 0p so B is n-step nilpotent and is in K.
Next, suppose that A € K and that B is a subalgebra of K. For any congruences
@, 3,0 € Con A, it should be clear that C(a, 3;6) (in A) implies that C(anB?, 3N B2%; 5N B?)
(in B). Therefore [a N B2, 3N B?] C [a, 3] N B2. Tt follows that (1g]" C (14]" N B? = 0p, so
B is n-step nilpotent and B € K.
Finally, suppose that {A; : i € I} C K. Let B = [[,c;A;. Let m; : B — A, be the
canonical projection and let n; = ker m;. As we showed above, m;((15]" V n;) = (14]" = 04.

(10.17)
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Thus, (15]" C n; for all i. Therefore, (15|" = 0. Thus B is n-step nilpotent and is in K.
This finishes the proof that I is a variety. The proof of the theorem for solvable algebras is
similar. O

To prove the next lemma, we need the following commutativity result.

Lemma 10.9 Suppose that o and 6 are congruence on an algebra A with o Maltsev term m
and that C(o,14;6). If a,b,c € A% with a;ab; for all i then

m(m(aop, by, co), m(a1, b1, c1), m(az, bz, c2))dm(m(ag, a1, az), m(bg, b1, b2), m(co, c1, c2)) .
(10.18)

Proof Maltsev’s equations give us
m(m(bg, by, b2), m(bg, b1, b2), m(cg, c1,c2)) = m(m(co, c1, c2), m(boy, by, b2), m(bg, b1, b2)) .
We expand the first subterm of each side of this equality to get
m(m(m(bo, bo, bo), m(b1,b1,b1), m(b, ba, ba)), m(bo, b1, b2), m(co, c1,c2))

= m(m(m(bo, by, co), m(b1, b1, c1), m(ba, ba, c2)), m(bo, b1, ba), m(bo, b1, b2)) .

By centrality, we can replace the underlined b;’s with corresponding a;’s and maintain equiv-
alence modulo § so that

m(m(m(ag, bo, bo), m(a1,b1,b1), m(az, ba, b2)), m(bo, b1, b2), m(co, c1, c2))

dm(m(m(ao, bo, co), m(ai, b1, c1), m(az, ba, c2)), m(bo, by, b2), m(bo, b1, b2)) .

Maltsev’s equations now give

m(m(a07a17a/2)7 m(b07 b17 b2)7m(007 61702)) 5 m(m(a07 b07 CO)) m(a1> b17 Cl),m(ag, 62702)) .

Lemma 10.10 Suppose that A is an n-step nilpotent algebra with a Maltsev term m. There
are ternary terms | and r so that for all by,c € A the function l[(—,b,c) is the inverse of
m(—,b,c) and the function r(—,b,c) is the inverse of m(c,b, —).

Proof We will prove the existence of [. The existence of r is similar. We will prove this by
induction on n. If n = 0, then A is trivial. If n = 1, then A is Abelian. For any x € A,
Define u+, v = m(u,z,v) and —,u = m(x,u,x) for all u,v € A. Then by Theorem 9.8 these
operations define an Abelian group on A with identity = so that m(u,v,w) = u—zv+,w. For
any b, c € A, the inverse of m(z,b,¢) = x—; b+, cis clearly I(z,b,¢) = v —yc+,b = m(z, ¢, b).

Next suppose that n > 1 and that the lemma holds for n-step nilpotent algebras. Suppose
that A is (n + 1)-step nilpotent. Let 6 = (14]". Then C(14,6;0), and A/6 is n-step
nilpotent. By our induction hypothesis, there is a term I’ so that I'(—,b/6,¢/6) is the inverse
of m(—,b/6,¢/0) for all b, ¢, e A. Let l(y,b,c) = m(m(y,m(l'(y,b,¢),b,¢),y),y,!'(y,b,¢)). We
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will show that [ is the desired term. Let y,b,c € A. Let 2 =1'(y, b, ¢). By our choice of I, we
know at least that m(z,b, c)fy. Then

m(l(y7 b, C)? b, C) = m<m(m(yv m(zv b, C)a y)v Y, Z)? m<y> Y, b)? m(y, Y, C))
m(m(m(y, m(z,b,¢),y),y,y),m(y,y,y), m(z,b,c)) (10.19)
= m(m(y7m(zvbv C)vy)7y7m(z7ba C))

where the second equality follows from Lemma 10.9 since m(z, b, c¢)fy and since C(6,14;0).
The set y/6 is closed under m since m is idempotent, and by Lemma 10.9 m commutes with
itself on this 6 block. Define v+, v = m(u,y,v) and —yu = m(y,u,y) on y/f. By Theorem
9.8, these are Abelian group operations on y/6 with y as an identity. Then we can continue
our calculations to see

m(l(y’ b, C)7 b, C) = m(m(y, m(z, b, c)’ y)7 Y, m(Z, b, C))
= —ym(z,b,¢c)+ym(z,b,c (10.20)

Now we look at the composition in the reverse order. Let z = I'(m(y,b,¢),b,c). Then 20y
and

l(m(y,b,c),b,c) =

A
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=
n
o
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3
=
=
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=
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b,b,b
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) ( ,b,c),m(y,y,z)) (1021)

I
333333

I
|
<
N
+
@

Note that the second and fifth equalities follow from Lemma 10.9 since z0y. O

The real mechanics of this proof are hidden from sight, but there is an elegant structure to
these algebras. The Maltsev term m gives each block of 6 the structure of a ternary Abelian
group. For any b,c € A, the functions m(—,b,¢) : b/6 — ¢/ and m(—,¢,b) : ¢/0 — b/0 are
inverse isomorphisms of these group structures which exchange b and ¢, so all of the blocks
are isomorphic to a ternary Abelian group G. The algebra A = (A, m) is a sort of semi-
direct product of A/G and G. To find the term [, we try to solve the equation m(z,b,c) =y
for x, assuming that there is a solution z modulo #. To solve this equation, we use the
isomorphisms m(—, b, y), m(—, ¢, y), and m(—, z,y) to map everything into y/6. Then we can
treat y/60 as an Abelian group with identity y to solve the new equation. The nature of the
semi-direct product is such that when we pull this solution back to z/6 using m(—,y, z) we
have a solution to the original equation.

More generally, if a is any congruence on A and b, ¢ € A then the maps m(—,b,c) : b/a —
¢/a and m(—,¢c,b) : ¢/a — b/a may not be inverses, but they are both injective. Hence the
congruence classes are the same size. Thus

Corollary 10.11 Any n-step nilpotent algebra in a congruence modular variety has uniform
CONGruences.
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Suppose that a,b and ¢ are elements of an n-step nilpotent algebra A in a congruence
modular variety with Maltsev term m and that 6 € Con A.. If afb, then m(a, b, c)dm(b,b, c) =
¢ so m(a,b,c)fc. On the other hand, if m(a,b,c)fc, then a = I(m(a,b,c),b,c)dl(c,b,c).
However, m(l(c,b,c),b,c) = ¢ =m(b,b,c), so by Lemma 10.10 {(c, b, c) = b. This means that
afb. We have that afb if and only if m(a, b, c)fc. This means that 6 consists precisely of those
pairs (a,b) for which m(a,b,c) € ¢/6. Hence, 6 is uniquely determined by any equivalence
class ¢/0. Thus

Corollary 10.12 Any n-step nilpotent algebra in a congruence modular variety has regular
CONGTruences.

Suppose now that A is an n-step nilpotent algebra in a congruence modular variety. Let
[ and r be the terms guaranteed by the previous lemma and let 0 € A be arbitrary. Now
define these operations on A
u-v=m(u,0,v)
u/v =1(u,0,v) (10.22)
u\v = r(u,0,v).

Then these are the multiplication and division operations of a loop on A. Hence

Theorem 10.13 Suppose that A is an n-step nilpotent algebra in the congruence modular
variety V. There is a loop operation in Pol A whose left and right division operations are also
in Pol A.

11 Applications

We briefly describe here some of the important results that have been achieved through the
application of commutator theory in the study of basic questions about varieties. We make
no attempt at completeness.

In 1979 there appeared the paper J. Hagemann, C. Herrmann [19], which provided the
first proofs of much of the basic commutator theory we have developed in the preceeding
sections, and the same year appeared H.-P. Gumm, C. Herrmann [18] in which the new
theory was applied to obtain new cancellation, refinement and uniqueness results for direct
products of algebras in congruence modular varieties. H.-P Gumm and C. Herrmann proved,
among other results, that if A x B =2 A x C and if A x B belongs to a congruence modular
variety, and if the congruence lattice of A has the ascending chain condition and the center
of A is a congruence of “finite rank”, then B is “affine-isotopic” to C.

In 1981 appeared R. Freese, R. McKenzie [11] in which commutator theory was used to
show that every residually small congruence modular variety V obeys a certain commutator
law (C1), which must hold in the congruence lattice of every algebra of V augmented by the
commutator operation. Conversely, if V is congruence modular and generated by a finite
algebra A and if A, along with all of its subalgebras, obeys (C1) then V is residually small,
in fact has a finite residual bound.

Also in 1981 appeared a monograph by S. Burris and R. McKenzie [4], containing a
proof that every locally finite congruence modular variety with decidable first-order theory
must decompose as the varietal product of two subvarieties, a decidable affine variety and
a decidable discriminator variety. Commutator theory was the essential tool for this work.
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The authors also provided an algorithm which can be used to reduce the question whether
HSP(A) has decidable theory, where A is a given finite algebra, (the decidability problem)
to the question whether the variety of R-modules has decidable theory, where R is a certain
finite ring correlated with A, produced by the algorithm. The problem to characterize in
some fashion those finite A for which the class of finite members of HSP(A) has decidable
theory (the finite decidability problem) seems to be much more difficult than the decidability
problem. In 1997, P. M. Idziak [22] provided a solution to the finite decidability problem for
finite algebras in congruence modular varieties. His result is equally as satisfactory as the
result of S. Burris and R. McKenzie, but is rather more difficult to state.

In 1982 appeared R. McKenzie [32] which used commutator theory to characterize the
locally finite varieties having a finite bound on the cardinalities of their finite directly inde-
composable members (the “directly representable” varieties). A breakthrough result achieved
in the paper was the fact that every directly representable variety has permuting congruences.

The 1987 monograph R. Freese, R. McKenzie [12], which has been the principal source for
the first ten sections of this text, contains the result (Chapter XIV) that any finite nilpotent
algebra of finite type (i.e., which possesses only finitely many basic operations) which lies in
a congruence modular variety and decomposes as the direct product of algebras of prime-
power orders, has a finitely axiomatizable equational theory. R. McKenzie [33] proves that
any finite algebra F belonging to a residually small congruence modular variety of finite
type has a finitely axiomatizable equational theory. A main ingredient in this proof is the
demonstration that F obeys finitely many equations which collectively imply that an algebra
(which satisfies them) satisfies the commutator equation (C1) discovered by R. Freese and
R. McKenzie.

In 1989 appeared K. A. Kearnes [26] which used commutator theory to prove that every
residually small, congruence modular variety with the amalgamation property possesses the
congruence extension property. Whether the words “congruence modular” can be removed
from this result is unknown.

In 1996, P. M. Idziak and J. Berman began a study of the “generative complexity” of
locally finite varieties. They define the generative complexity, or G-function, of a variety
V to be the function Gy defined for all positive integers n so that Gy(n) is the number of
non-isomorphic n-generated algebras in V. Perhaps their deepest result is a characterization
of finitely generated congruence modular varieties V for which Gy (n) < 2 (for all n > 1) for
some constant c. The characterization is of the same order as P. M. Idziak’s characterization
of finite decidability for HSP(A) but even more complicated. A much easier result of P.
M. Idziak and R. McKenzie [23] will be proved in Section 14 below; namely, a locally finite
congruence modular variety V satisfies Gy(n) < n¢ (for all n > 1), for a constant ¢, iff V is
Abelian and directly representable.

Perhaps this is the appropriate place to mention the tame congruence theory of D. Hobby,
R. McKenzie [21]. With this theory, it became possible to extend most of the above-mentioned
results that deal with finite algebras or locally finite varieties, either to all finite algebras and
all locally finite varieties, or to a domain much broader than congruence modular varieties.
Sometimes, tame congruence theory simply produces the result that every locally finite variety
possessing a certain property must be congruence modular. For instance, it is proved in [21],
Chapter 10 that every residually small locally finite variety that satisfies any non-trivial
congruence equation must be congruence modular (i.e., must satisfy the modular law as a
congruence equation).
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In the book R. McKenzie, M. Valeriote [34] it is proved that every locally finite variety with
decidable first-order theory decomposes as the varietal product of three decidable subvarieties:
an affine variety, a discriminator variety and a combinatorial variety. This result contains
the result proved five years earlier by S. Burris and R. McKenzie for congruence modular
varieties. In the modular case, the combinatorial variety must consist just of one-element
algebras.

P. M. Idziak, R. McKenzie and M. Valeriote [24] (unpublished) have extended the above-
mentioned result of P. M. Idziak and R. McKenzie into a characterization of all locally finite
varieties V with the property that Gy(n) < n¢ for all n > 1, for some constant ¢. Such a
variety is a varietal product of an affine, directly representable, subvariety and a very special
kind of combinatorial subvariety.

Successful applications of tame congruence theory, like those mentioned in the two pre-
vious paragraphs, have frequently begun with the idea to attempt an extension of results
proved earlier for locally finite congruence modular varieties with the help of commutator
theory. Tame congruence theory is a powerful tool for such efforts but, unlike modular com-
mutator theory, its application appears to be essentially restricted to the realm of locally
finite varieties.

12 Residual Smallness

An algebra A is called subdirectly irreducible if it has a smallest non-zero congruence, (called
the monolith of A). According to a theorem of G. Birkhoff, every algebra can be embedded
into a product, [[,cr S¢, of subdirectly irreducible algebras S; in such a way that it projects
onto each factor S; (subdirect embedding).

Definition 12.1 A wvariety V is residually small if there is a cardinal bound on the size of
subdirectly irreducible algebras in V. If V is residually small, then we will write resb(V) for
the least cardinal k such that every subdirectly irreducible algebra in V has cardinality less
than k. If the cardinalities of subdirectly irreducible algebras in V have no cardinal upper
bound, then we write resb(V) = oo, and say that V is residually large. For an algebra A, we
put resb(A) = resb(HSP(A)). A wvariety V will be called residually finite if resb(V) < Vy. A
residual bound for V is any cardinal k > resb(V).

R. W. Quackenbush [42] proved that if a locally finite variety has an infinite subdirectly
irreducible algebra, then it has unboundedly large finite subdirectly irreducible algebras.
He posed the question, “Does every finitely generated residually finite variety have a finite
residual bound?” While in general the answer to this question is no (R. McKenzie [35]),
the answer is affirmative for finite algebras in congruence modular varieties (R. Freese and
R. McKenzie [11]). Moreover, the class of finite algebras A in congruence modular varieties
for which HSP(A) is residually finite is defined by a commutator equation. This equation,
which takes the form z A [y,y] < [z,y], is called (C1). Notice that (C1) is equivalent to
x Aly,y] =[x Ay,y], as can be proved by substituting = A y for x.

Theorem 12.2 Suppose that A is a finite algebra and that HSP(A) is congruence modular.
The following are equivalent.

(1) resb(A) < 0.
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(2) resb(A) is a positive integer.
(3) HSP(A)FEqon(a A [8, 5] < [, A]).

(4) S(A)Econ(@ A [, 6] < [a, 8]).

Proof The implications (3) — (4) and (2) = (1) are trivial. We will prove that (4) implies
the validity of (C1) in finite algebras of HSP(A), and that this in turn implies (2). Finally,
we shall prove that (1) = (3).

To begin, suppose that S(A) = (C1). Let B be any finite algebra in HSP(A). There is a
positive integer n, a subalgebra D of A", and a congruence ¢ on D such that B is isomorphic
to D/6. First, we show that D = (C1); then using that, we show that B = (C1). So let
{a, 8} C ConD. We write n; for the kernel of the ith projection homomorphism of D into
A, so that D/n; € S(A).

To get a contradiction, we assume that aA[3, 8] # [aA S, 3]. This means that aA[3, 5] >
[a A B, 5]. Since D/ng = (C1), using statement (6) of Theorem 8.3, we have that

[N B,B]Vno = [(aAB)Vno,BVn)Vne= ((aAB)Vn)ABYn,BVmnlVmn);

which gives that
[anB,BlVno = anBA[B,Bl=an[3,0]. (12.1)

Modularity of Con D thus implies that

mAaN[B,8] >nNaAB,Bl=[nAaAB bl

Replacing ¢ = 0 by ¢ = 1 and « by 79 A « in this argument, leads to

mAnoAaN[B,B]>mAnAanp, Bl (12.2)

Continuing in this fashion, we eventually reach the conclusion that

Nminan(s, g >[\nranspl,

<n <n

which is absurd since A = 0p. This contradiction establishes that aA[3, 5] = [a A S, G].
Thus D = (C1).

Now to see that B = D/6 satisfies (C1), let {a, 3} € ConD with aA 5 > 6. By Theorem
8.3, statement (6), what we need to show is that a A ([3,08] V8) = [a A B,5] V0. Since

D = (Cl), and a > 6, we have that

A((B,B]V 0) = (a A [B,A) VO =[anB,B Vo

i<n Tl

as required.

Next, suppose that all the finite algebras in HSP(A) satisfy (C1). If HSP(A) had an
infinite subdirectly irreducible algebra, then the variety would contain arbitrarily large finite
subdirectly irreducible algebras by [42]. Therefore, we need only find a finite bound on the
size of the finite subdirectly irreducible algebras in the variety generated by A. Let B be a
finite subdirectly irreducible algebra in the variety generated by A. Choose a positive integer
n, a subalgebra D of A", and a congruence 6 on D with B isomorphic to D/f. Let 3 be the
monolith of B.
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By additivity of the commutator, B has a largest congruence ¢ such that [¢, 5] = 05. We
will prove that B/ € HS(A). Let o € ConD be the congruence of D corresponding to ¢
via the isomorphism of B with D/6, and 6’ be the congruence of D corresponding to 3. (So
that €' is the unique cover of #.) By our choice of (, « is the largest congruence in Con D
with [, 0] < 0. For each i = 0,...,n — 1, let 7; be the kernel of the projection of D to
the i*" coordinate. We will prove that there is some i so that 7; < . This will show that
B/¢ 2 D/a € HS(A). We do so by contradiction. Suppose that 7, £ « for all i. By our
choice of «, this means that [0’,7;] € 0 for all i. It follows that for all 4, [0, n;] VV 0 is strictly
larger than 6 but contained in ¢'. Hence, [6',n;] vV 8 = ¢'. If we substitute [¢/,70] V 0 for 6 in
0" =10",m] V0, we get

o = (16 m0] v O),m] VO
( /ﬂno)veﬂh] Vo
(0" Nmo),m] V[0, m]Ve
&' NnoNm) V.

(12.3)
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Since the reverse inclusion is also true, we actually have 8’ = (6’ NnoNny) V. By substituting
this result into the equation 6’ = [0/, 73] V 6, we similarly find that 8’ = (6’ "o N7 Nne) V6.
Proceeding inductively, repeatedly applying this argument, we eventually obtain that 6/ =
(0" A No<icn i) V 6. This means that ' = 6, which is the desired contradiction. The
assumption that 7; £ « for all ¢ must be false, as we claimed.

Now B/¢ € HS(A) implies |B/¢| < |A|. We shall conclude this proof that (4) — (2) by
demonstrating that each (-class is no larger than 2™ where M is the cardinality of the free
algebra in HSP(A) on |A| 4 2 generators. This will prove that |B| < |A|-2M.

Next, we observe that [(,(] = 0p, equivalently, [a,] < 6. This is true because D =
(C1), so that & A [a,a] < [0/,a] < 6. But if [a,a] £ 6, then ¢ < [a,a] V 0, giving that
0 = (0' A [a, a]) V 8 = 6 by modularity, a contradiction. Thus [(, (] = 0p.

Denote the Gumm difference term of HSP(A) by ¢. Since [¢,(] = 0, we know that the
restriction of ¢ to any (-class is a Maltsev operation, and gives that set the structure of a
ternary Abelian group. Select (0,b) € § — 0p, and let + and — denote the Abelian group
operations on 0/¢ with neutral element 0 induced by ¢. Letting u be any element of B, we
now proceed to prove that |u/¢| < 2M. Suppose that z,y € u/¢ and = # y. Since 3 is the
monolith of B, (0,b) € Cgp(x,y). This means that there are elements vy = 0,v9,...,vp = b
and unary polynomials po, ..., pgr_1 so that {p;(z),pi(y)} = {vi,viy1} for all i. We can apply
the difference term ¢ and manipulate its local Maltsev characteristics to shorten the chain of
v;’s until k£ = 2. This means that there is a unary polynomial f so that {f(x), f(y)} = {0, b}.
Moreover, if f(xz) = b and f(y) = 0, then we can replace f by the polynomial b— f(z) so that
we can assume f(x) = 0 and f(y) = b. We will bound the number of constants necessary

to construct f. Let cg,...,c;_1 be representatives of the (-classes with ¢yg = 0. Note that
I < |A|. There are constants rg, ..., ,—1 and an (m + 1)-ary term ¢ so that f(z) = t(z,r)
for all z € B. For each j =1,...,m — 1, select i; so that ¢;;(r;. For notational convenience,

let s; = ¢;;. If z € 2/(, then the matrix

< t(z,r) —t(z,r)+0 t(z,s)—t(z,s)+0 )
t(z,r) —t(z,r)+0 t(z,8) —t(z,s)+0

is in M((, ¢). Since the top row of the matrix is an equality, so is the bottom since [(, (] = 0p.
It follows then that f(z) = t(z,r) = t(z,s) — t(x,s) + 0. Let ¢; = t(z,s). Then for all z € /¢
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we have f(2) = q(t(z,s), ¢, co) (recall that 0 = cp). Since each s; = ¢;;, we have an (I +2)-ary
term ¢’ so that f(z) =t'(z,co,...,q) for all z € u/¢. We have proven that for all x # y € u/¢
there exists an (I 4+ 2)-ary term t' so that ¢'(z,co,...,¢) = 0 iff ¢'(y,co,...,¢) # 0. Define
Y to be the set of all functions ¢(—,cg,...,¢) with ¢ an (I 4+ 2)-ary term of B. Notice that
|¥] < [Fuspa)(! +2)] = M where Fygp(a)(l + 2) is the free algebra in HSP(A) on [ + 2
generators. Define an equivalence relation ~ on u/¢ by = ~ y if for all f € ¥, f(zx) = 0 if
and only if f(y) = 0. Then |(u/¢)/ ~ | < 2/¥l < 2M_ However, since we can separate points
of u/¢ with functions in ¥, it follows that ~ is the identity relation on u/(, so we have that
lu/¢| < 2M as desired. As stated above, it follows that

[A[+2
Bl < 4] -2M < 4] 24T

and this gives a finite upper bound to resb(A). We have proven that (4) — (2).

To complete the proof of this theorem, it only remains to establish that (1) — (3).
Assume that (3) does not hold. We will prove that HSP(A)) has arbitrarily large subdirectly
irreducibles. There is an algebra E in HSP(A) with congruences ' and 7 so that 5’ N
[v,7] £ [8',7]. Let B8 = 8/ N[y,7]. Then 8 < [y,7] and [8,7] < B (because otherwise,
BNy, =6 =187 <[#,7]). Choose a strictly meet irreducible congruence 6 which
exceeds [3,7] but not 5. Let ' be the unique cover of 6. It follows that 8’ < [yVv@,yV o] Ve
and

[0,y VO <[BVOyVO <[B,A]VO=0,

because 8’ < BV 6 < [y,7] V0. Therefore, we can change notation (replacing E by E/0)
and assume that E is subdirectly irreducible with monolith 5. We have that 5 < [y,~] and
[3,7] = 0g.

Let A = A, g be the congruence on E(v) as in Lemma 8.6. Let 7; : E(y) — E for i = 0,1
be the canonical projections with 7; = kerm;. Fori = 0,1, let 8; = 7~ (). From Lemma 8.6
we have that A Nn; = Og(,) and AV n; = j;.

Let X be an arbitrary cardinal. We will follow the tradition that X = {o : ¢ < N} and
extend the notation for elements of EX which we have been using for finite direct powers up
to now. That is, we will represent elements of EN as bold faced vectors a, and for § € R,
we will denote the 0 coordinate of a as as. Let B = {a € EY : asva. for all §,¢ € N}. For
any € € N, let 7. € Con B be defined by a~.b iff a.ybe, and define G, analogously. From our
definition of B, it follows that s = 7. for all ¢,0 € R. We will denote this congruence as
~. For each ¢ € N, let 0. be the kernel of the projection of B to the € coordinate and let
n. = Ms,e M- Then ne Vns = for all {4,e} N, § # e. For each o € R, let 0, be defined as

0, = {(a,b) : a,pb, and for all € # o, ac = b.}.
For each o € N\ {0}, let A, be defined as
A, = {(a,b) : (ag,a,)A(by, b,) and for all € ¢ {0,0}, ar = b}.

Finally, let 6 = \/, 0, and £ = \/ - A,.
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We claim that 6y < 05 V As and that 5 < 0y vV Ag for & # 0. Suppose that afgb. This
means that agby and otherwise a and b are equal. Now, since (ag, ag)A(bg, bg) we have

a = (agy...,as,...)
ns  (ao,...,a0,...)
As (boy...,bo,...) (12.4)
n5  {(bo,...,bs,...)
= b

so By < n5 V As. If we meet with 6y V 05, then using modularity several times, observing that
A5 <60V 85 and n5 A (0g V 05) = (5 A Oy) V 05 = 65 (since 15 > 65), we obtain that

0o < (6o V O5) A (5 V As) ={(0p V 0s) AtV As =05V Ag .

That 65 < 6y V As can be proven similarly.
For any § # 0 # € this gives

KV O KV A5V AV b5
KV AV bOyV 05
KV 0V 0V 05

O V by.

(12.5)

AVANT

It follows from our definitions that « V 65 = 6 for all ¢ including § = 0.

We also claim that 65 £ k. We first show that 6y £ k. The case for § # 0 then follows
since Kk V 0y = k V 05. Since O < 6 in Con E, we know that Og < 05 in Con B. Hence, 65 is
compact. If 8y < k, then by compactness, 6y would be exceeded by a join of finitely many
of the A.. We will prove by induction on n > 1 that 8y is not exceeded by a join of n of
the A.. It must be that §yp N A, = Op for all e. To see this, suppose that (a,b) € 0y N A..
This means that as = bs for all § # 0 and that (ag,ac)A(bg,be) = (bo,ac). By Lemma 8.6
this means that (ag,bg) € [v,5] = Op. Hence, we also have that ay = by so a = b. Since
fo N A. = 0p for all ¢, it cannot be that 6y < A, for any e. Now suppose that n > 1 and
that 6y is not exceeded by any join of fewer than n of the A.. Suppose that €, ¢€9,...,€, are
n distinct members of X. Then we know that A, < 6y V 6., that \/,»o Ae; <0V (V;5906)s
and that 6y N (\/;54 A¢,) = 0p (since 0p < 6p). Also, it is not difficult to prove that the 85’s
are independent. Putting all of this together gives

6o (\/IS@ Aq) = 0N (0 V0,)N (\/lgign Aei)
= 000 (80 v 00V 0) 11 (00 v (Visa 0)) 1 (Visa A )])

= 6N (A, V 90“<\/122A62>]>
eoﬁAq
= 0p.

(12.6)

This means, of course, that 8y £ \/,<,<,, A,. By induction, it cannot be that 6y is less than
any finite join of A/’s. It follows then that 6y £ x and that 65 £ & for any 6.

Since k V 05 = 0 but s £ k for all §, it follows that k < 0. Therefore, there is a

completely meet irreducible A € Con B which contains x and not 6. In ConB, s N n§ = 0p

and 75 V 15 = 7. So the interval from 75 to v is isomorphic to the interval from 0 to 7j. Since
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E is subdirectly irreducible, the interval from 7s to « has a unique atom. Hence, the interval
from 0 to 77§ has a unique atom—which is 65 in our notation. This implies that AN 75 = 0p.
If this were not the case, then A > 65 and so A > 65 V k = 0 which is a contradiction. We
have then that ns V 75 = 7 and that A N n5 = 0. We claim that for all 6, AV ns 2 7.
To see this, suppose that AV ns > ~. Then [y,7] < [ns V15,15 VAl < 05 V (AN 15) = ns.
Since E = B/ns, this would imply that in ConE, [v,7] = 0g—which is not true. Now,
since ng V. = v for all § # € € N, the congruences AV ns, § € N, are pairwise distinct.
Therefore B/\—which is subdirectly irreducible—has at least N congruences. Since N is an
arbitrary infinite cardinal, it follows that HSP(A) has no residual bound. We have proven
the contrapositive of (1) — (3).

O

13 Directly Representable Varieties

Definition 13.1 A wvariety V is directly representable iff there is a finite set D of finite
algebras such that V = HSP(D) and every finite algebra in V belongs to IP(D), equivalently,
V is locally finite and has, up to isomorphism, only a finite set of finite directly indecomposable
algebras. The finite spectrum of a class K of algebras is the set of positive integers n such
that KC has an n-element algebra. A class K of algebras is said to be narrow iff there is a
finite set {po,...,pr—1} of prime integers such that every member of the finite spectrum of K
takes the form T], . pi* for some integers a;.

In this section, we prove that every narrow locally finite variety has permuting congru-
ences, characterize finite algebras that generate narrow varieties, and using the commutator,
characterize finite algebras that generate directly representable varieties. The results proved
here are drawn from R. McKenzie [32].

Theorem 13.2 Let V be any locally finite variety and consider these possible properties of
V.

1) V is directly representable.

2) V is narrow.

3

All congruences on finite algebras in V are uniform.

(
(
(
(4

)
)
)
) V has permuting congruences.

We have (1) — (2) — (3) — (4).

Proof Clearly (1) implies (2).

To prove that (2) implies (3), suppose that V is a narrow variety, that A is a finite algebra
in V, and that § € Con A. For n a positive integer, define A,,(#) to be the algebra (subalgebra
of A™) consisting of all sequences u € A" such that w;0u; for all {i,5} C {0,...,n — 1}.
We assume that |A /6| = k and that the k distinct #-equivalence classes have cardinalities
ag, - --,ap_1. We are going to show that ag = a; = --- = ap_1. Observe that

[An(0)] = ag + -+ + aj_y = sn(a) (13.1)



Congruence modular varieties 43

where a = (ag,...,ar_1). Let {po,...,pe—1} be a finite set of prime integers that include
all the prime divisors of the members of the finite spectrum of V, and hence all the prime
divisors of the integers sp(a), n > 1. Let d = ged{a; : ¢ < k} and let b = (by, ..., bg_1)
where db; = a;. Choose M to be any positive integer such that 2 > k. For j < ¢, put
q; = (pj — 1)p§w . An easy calculation, based on the Euler-Fermat theorem, shows that

b = 0,1 (mod pM*1) fori < k, j < £. (13.2)

Thus for any positive integer N, bng =0,1 (mod pM+1

7 ), and we have

5¢;N(b) = u; (mod péVIH) (13.3)
where u; is the number of @ < k such that b; is prime to p;. Note that 1 < u; <k, since the
b; have no positive common divisors other than 1, and pj.\/[ +1 > k. Thus pé-w +1 cannot divide
Sq;N (b).

Now taking ¢ = Hj <¢q; and N any positive integer, it follows from the above analysis

that sqn(b) is not divisible by pj.uﬂ

the pj, it follows that

for any j < £. Since sqn(b) is a product of powers of

sqv(b) <P =]]p}" (13.4)
j<t
If we had b; > 1 for some 4, then the sequence (sqn(b) : N > 1) would be a strictly increasing
sequence of integers. Because the sequence is bounded, we must have by = by =--- =by_1 =
1. Thus we conclude our proof that a is a constant sequence, or in other words,  is a uniform
congruence.

To prove that (3) implies (4), suppose that V is locally finite and its finite algebras have
uniform congruences. We first observe that as an easy corollary of the proof of Theorem 6.1,
a variety has permuting congruences iff its free algebra on three generators has permuting
congruences. Since V is locally finite, it therefore suffices to show that the finite algebras in
V have permuting congruences. Thus suppose that A € V is finite and {«, 5} C Con A. Let
B be the algebra As(a) < A X A consisting of all pairs (x,y) with zay. Let  (on B) be the
congruence 3 X f3|p, so that (x,y)0(u,v) iff z6u and yfv. By assumption, the congruences
B,an 3,0 are uniform. Let b, ¢, e be the respective block-sizes for these congruences. Choose
any a € A. Then (a,a)/6 consists of all (x,y) € A x A such that z € a/f and y € x/(a N f);
thus e = be.

Now, to conclude this proof, we assume that there are elements u, v, w in A with uavSw
and (u,w) ¢ o «, and we derive a contradiction. This assumption implies that there is no
x € A with (x,w) € (u,v)/0. Note that for any z € A, if (z,2) € (u,v)/0 for some x =
then (z,2) € (u,v)/0 precisely for the elements = € x¢/(aN ). Thus |(u,v) /6] = b'c where ¥’
is the number of z € v/ such that such (u, z) € foa. We have that b’ < b since w € v/3 and
(u,w) € Boa. Thus [{u,v)/0] = b'c < bec = |{u,v) /0|, which is the promised contradiction. O

Lemma 13.3 In a directly representable variety, every finite subdirectly irreducible algebra
is Abelian or simple.

Proof Assume that V is a directly representable variety. By Theorem 13.2, V) is congruence-
modular; in fact, it is a Maltsev variety. Since subdirectly irreducible algebras are directly
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indecomposable, V has a finite bound on the size of its finite subdirectly irreducible algebras.
As we noted in our proof of Theorem 12.2, this implies that the locally finite variety ) has
resb(V) < w, and V = (Cl1). Now let A be a finite subdirectly irreducible algebra in V.
To get a contradiction, we suppose that A is neither Abelian nor simple. Where § is the
monolith of A, this supposition means that 04 < < 14 and § < [14,14]. Applying (C1),
we find that § = [3,14].

Choose any positive integer n. Once again, we consider the algebra A, (3) of S-constant n-
tuples. Our goal this time is to prove that A, () is directly indecomposable. Since |A,(5)| >
2" this will contradict the ground assumption that V is directly representable. {This is the
fourth time that we have used this fruitful construction after Section 11.}

Suppose, for sake of contradiction, that A, () is not directly indecomposable. Then it
possesses a pair of congruences (dg,d1) such that 0 < 6. < 1, dpVd =1, dp Ad; = 0. We
write 7; for the kernel of the projection homomorphism of A, () to A at the i coordinate
(as usual) and put 1} = A j2iMj- We write 3; for the kernel of the homomorphism of A, (3)
to A/ through the ¢ coordinate, so that §; = §; for alll {7,5} C {0,...,n—1}, and we write
simply [ for this congruence. The fact that A = 8 = [3,1] gives A, (8) E 8 =n V [5,1]
for each i < n. (Here we have used Theorem 8.3, statement (6), again.) For ¢ < n we have
ni < B, B =mn;Vn,, and n; An, = 0. Then by modularity, 0 < 7,.

We can now show that for each i < n and € € {0,1}, if 6. £ n; then n} < J.. Indeed, if
de £ i, then 8 < n; Vo, giving 8 =1n; V (8 Ad:). Then

[7747 51—5] < [ﬁv 51—8] = [772 \ (/3 A 55)5 51—5] < ni VvV [55’ 51—5] =T1i. (135)

Thus [}, d1—c] < n} An; = 0. Then since [3,1] = [, V n}, 1] £ n; we have

0 # [0}, 1] = [, 00 V 61] = [17,00] V [1;, 01] = [m}, Oe] - (13.6)

Since 7, is an atom, then
n; = i, 6:) < 0. (13.7)

So indeed, d. £ n; implies 7, < ..

Since \/,mi = # < 1 = o V d1, then there is € € {0,1} such that §. < n; holds for no 1.
Then §. > \/,; n; = . This implies that 6;—. > 1, holds for no ¢ since dyAd; = 0; consequently,
01_c < m; for all ¢ < n. But that forces ;. = 0. This contradiction proves the lemma. O

For the final theorem of this section, we will need this lemma.

Lemma 13.4 (I. Fleischer [10]) Let A < Ag x A be a subdirect product, where A has
permuting congruences. Then A is the equalizer of a pair of surjective homomorphisms
m; : Ay — K for some algebra K. Consequently, if A has permuting congruences and A is a
subdirect product of a finite system of simple algebras, A < [],cp S, then for some W C T,
the projection of A into [[,cy St is an isomorphism mw : A = [[,cw St

Proof This is left as an exercise for the reader. O
Theorem 13.5 (1) In a directly representable variety, every finite algebra is isomorphic,

for some m > 0, with a direct product Bg x By x - -+ x By, where By is Abelian and B;
is a simple non-Abelian algebra for i > 1.
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(2) Let A be a finite algebra. HSP(A) is directly representable iff A has a Maltsev term,
every subalgebra of A is isomorphic with a direct product of an Abelian algebra and a
product of simple non-Abelian algebras, and the variety A generated by the collection of
all Abelian direct factors of subalgebras of A is directly representable.

(3) Let A be a finite algebra. HSP(A) is narrow iff A has a Maltsev term and every
subalgebra of A has uniform congruences.

Proof To prove (1), suppose that V is directly representable and A is a finite algebra in V.

By Lemma 13.3, and G. Birkhoff’s subdirect representation theorem, A is isomorphic,
for some integer m > 0, to an algebra A’ <[], B; where By is Abelian and B; (i > 1) is
non-Abelian and simple. (Here we have used that any subdirect product of Abelian algebras
is Abelian.) We assume that m is as small as it can be.

Let 7; denote the kernel of the i coordinate projection of A’ onto B,;. Put dy = g and
01 = Nj<j<, M- Since V has permuting congruences, the minimality of m and Lemma 13.4
tells us that the projection of A’ into By x - -- x By, (an algebra isomorphic to A’/;) is the
full direct product of By, ..., B,.

Next we claim that A’/§; = [1,1] = 1. This actually follows from the fact that in a
modular variety, the class of algebras satisfying [z, y] = x Ay for congruences—called “neutral
algebras”—is closed under binary subdirect products. (Simple, non-Abelian algebras are
neutral.) To see this, suppose that E < Eg x E; is a subdirect product and E; Fcon [z,y] =
x Ay. Let pg, p1 denote the two projection congruences on E, and let {«, f} C Con E. Then
E/po neutral implies that

aNB<(aVp)A(BVYpo)=[a,B]Vpo. (13.8)

Since [«, 8] < aA B, by modularity it follows that if [«, 5] < aA S then [«, ] Apo < aABApo.
Suppose that this strict inclusion holds. Now (a A B A po) A p1 = 0, hence by modularity we
must have ([a, 8] A po) V p1 < (A B A po) V p1. But since E/p; is neutral, we can calculate
that

[[a7 ﬁ]’ PO] vV p1

[V p1,BV pil, po V p1] V p1 (13.9)
(@Vp1) A(BV p1)A(poV p1) '
(@ ABApo)Vpr.

This final contradiction shows that [«, 5] = a A 3, as claimed.

Thus we have proved that A’/d; = [1,1] = 1. This means that A’ =1 = 6; V[1,1]. Since
By is Abelian, then [1,1] < dg. Thus d; Vg = 1. Since dyp A d; = 0 by definition, and since d
and §; must commute, then it follows that A’ is the direct product of By and the projection
of A into [[;, Bi—i.e., A" =T],.,, Bi.

Now let A be any finite algebra. To prove (2), observe that we have already proved that
HSP(A) directly representable implies the truth of the other three conditions. Conversely,
suppose that these conditions are valid. Let A be the variety generated by the Abelian direct
factors of subalgebras of A. Every finite algebra B in SP(A) is isomorphic to a subdirect
product of subalgebras of A, and thus is isomorphic to a subdirect product B’ < [],., B;
with By € A and B; simple and non-Abelian for 1 < ¢ < m. Choosing m minimal for B,
the above argument yields that B’ = [],.,, B;. Now let 6 be any congruence of B'. Write,
as before, dy and ; for the kernels of the projections of B’ onto By and B x --- x B,,,

([, Bl A po) vV pr >

AV
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respectively. The neutrality of B'/d; yields 0V 6; = [0,1] V 61 = [0, 0] V 61 (by replacing 1
by do V 01). Modularity gives 6 = [0, 0] V (0 A1) and 0V §g = 6o V (0 A 1). Then

(50\/9)/\(51\/0) = (50\/(9/\51)) ((51 [, ()D

= (0o V (0 A61)) Ad1)VI[0,60])
= (A5 VEA8)Y B:a]) (1310
<
Thus
(boVO)AN(61VEO)=80. (13.11)
Since also,
(50 Vo)V ((51 vVe)=1, (13.12)

it follows that B’/ = (B'/(dy Vv 0)) x (B’/(61 V 0)), the product of an algebra in A and a
quotient of B’/d1. Since B’/dy is neutral, it has distributive congruence lattice, and every
quotient of this algebra is isomorphic to a direct product of a subsystem of the simple algebras

We have now shown that every finite algebra in HSP(A) is isomorphic to a product of an
algebra in A and a product of a system of simple non-Abelian direct factors of subalgebras of
A. Since A is directly representable, then V has, within isomorphism, only a finitely number
of directly indecomposable finite algebras.

To prove (3), suppose that the finite algebra A has a Maltsev term and all subalgebras of
A have uniform congruences. We first show that SP(A) is narrow, in fact, that every prime
divisor of the finite spectrum of SP(A) divides the cardinality of some subalgebra of A. To
do this, we use Lemma 13.4. If B < By x B; is a subdirect product in a Maltsev variety, then
B is the equalizer of surjective homomorphisms m; : B; — K. If the kernel of 7 is a uniform
congruence on By with congruence classes of size ¢, then it is trivial to see that |B| = |Bq]c.
Now suppose that that F < F; x --- x F,, is a subdirect product where F; are subalgebras
of A. By induction on n, using the preceeding observation and the fact that all congruences
on every F; are uniform, we find that |F| is the product of |F;| and a sequence of integers
2, ...,cn, where ¢; is the block size of a uniform congruence on F;. Thus |F| = cico--- ¢y
with ¢; a divisor of |F;|.

Now since SP(A) is narrow, our proof of Theorem 13.2, (2) — (3), shows that the finite
algebras in SP(A) have uniform congruences. If an algebra B has uniform congruences, then
|B/6| divides |B| for every congruence #. Thus HSP(A) is narrow, as claimed. O

In [44] it is proven that on any finite set A there altogether only finitely many clones F' so
that the algebra (A, F) satisfies the conditions of (2) in Theorem 13.5. Each of these clones
is generated by its operations of |A|+ 2 variables. To finish our presentation of this topic, we
characterize, in a fashion, the directly representable affine varieties.

Theorem 13.6 For an Abelian, congruence modular variety A, the following are equivalent:
(1) A is directly representable.

(2) A is locally finite and the polynomially equivalent variety rM of modules is directly
representable.
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(3) A is locally finite and the ring of A, R, is a finite ring of finite representation type.

Proof If A € A and M € gM and A and M are polynomially equivalent, then these
algebras have the same universe and the same congruence lattice L. Hence A is directly
indecomposable iff M is directly indecomposable, since direct decompositions in algebras
with permuting congruences correspond to complement pairs of congruences—(6,v) with
0Ny =0,0Vvy = 1. If A is locally finite, then R is finite, and each of these varieties
has, for each integer n, only finitely many non-isomorphic n-element algebras. (They are all
homomorphic images of the free algebra on n generators in the variety.) Then A is directly
representable iff g M is directly representable iff there is a finite bound to the size of finite
directly indecomposable algebras in A. A ring R with the property that up to isomorphism
there are only finitely many finitely generated, directly indecomposable, R-modules is said
to be of finite representation type. The equivalence of (1), (2) and (3) should now be clear.

O

14 Varieties with Very Few Models

Definition 14.1 For a class C of algebras and a cardinal k, let Ge(k) denote the number of
pairwise non-isomorphic members of C that are generated by at most k elements. We call
this function, restricted to positive integral k, the G-spectrum (or generative complexity) of C.
We say that C has very few models iff there is a positive integer N such that for all positive
integral k > 1, Ge(k) < kN,

Below is the chief result of P. M. Idziak, R. McKenzie [23], which will be proved in this
section.

Theorem 14.2 A locally finite, congruence modular, variety has very few models iff it is
Abelian and polynomially equivalent to the variety of unitary modules over some finite ring
of finite representation type.

In the next two lemmas, V denotes a fixed, locally finite, congruence modular variety
with very few models. We first show that all finite algebras in V are nilpotent. Then by
Corollary 10.6, the finite algebras in V have permuting congruences. Since the free algebra
on three generators in V is finite, it follows that V has a Maltsev term. Then to prove that
V is Abelian, it suffices to show that all finite algebras in V are Abelian. Assuming that this
fails, we show by direct construction that Gy (k) is not bounded by any polynomial function
of k, thus getting a contradiction. Our proofs will be modifications of those appearing in P.
M. Idziak, R. McKenzie [23]. As we mentioned in Section 11, all locally finite varieties with
very few models have recently been completely characterized in P. M. Idziak, R. McKenzie,
M. Valeriote [24]. Each such variety consists entirely of Abelian algebras.

Notation: The following notation will be used in the next two lemmas. For any sets
B C X, and elements a,b in an algebra A, we define a member of A*: [a,b]p denotes the
function f € AX such that f(z) = b for € B and f(x) = a for z € X \ B. Then for z € X,
we use [a, bl to denote [a,b]p with B = {z}.
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Lemma 14.3 FEwvery finite algebra in )V is nilpotent.

Proof Assume that this fails. By taking a quotient of a finite non-nilpotent algebra, we can
find a finite algebra A € V with a minimal congruence p such that [1, u] = p. For n > 0, let
X be a set of cardinality 2" and let {X;; : 0 <i < n,0 < j < 2} be a system of 2n subsets
of X so that for all z € X there is a function p: {0,1,...,n — 1} — {0,1} such that

{z} = ﬂ Xi (i) -

<n

For example, we can take X; o and X;1 to be B; and its complement, where By,..., B,_1 is
a set of generators of the Boolean algebra of all subsets of X.

Let K,, be the subalgebra of A generated by the set of all functions [a, b] X; 0 Where a
and b are any two elements of A and 0 <i <n — 1. (See the note on notation above.) Thus
K,, is generated by a set of a(a —1)n+a elements, where a = |A|. We shall show that K,, has
a set of 2" 4+ 1 pairwise non-isomorphic homomorphic images. Since these are all generated
by at most a(a — 1)n + a elements, then we can conclude that Gy(a(a — 1)n + 1) > 2", But
this conclusion is obviously incompatible with the assumption that V has very few models.

Suppose that X = {zg,...,xon_1}. For 0 < i < 2" let 6; be the congruence of K,
consisting of all pairs (f,g) € K2 such that f(z;) = g(z;) for all 0 < j < i. Then for i < j
we have §; < 6;. We shall show that 6; < §;. This will imply that |K,/6;| < |K,/60;| so that
the two quotient algebras are non-isomorphic, as desired.

Actually, given x € X, we shall show that K,, contains two distinct functions f,g such
that f(y) = g(y) for all y € X \ {z}. Taking & = z;, this certainly implies that 6; > 6,
whenever ¢ < j < 2™,

So let x € X and write

{a} = m Xip(i)
i<n
where p is a certain function mapping {0,1,...,n — 1} — {0,1}. We shall now produce, by
induction on i, pairs of functions (f;,g;) € K2 for 0 < i < n — 1, so that where [f; # g;] is
the set of all z € X with f;(z) # ¢i(z), we have

[fi # gi] = ﬂ Xip(i) -

0<j<i

Then fn—1,gn—1 will be the desired pair of functions f, g with [f # g] = {z}. The inductive
construction requires that f;(z)pgi(z) for all z € X—i.e., (fi,gi) € px—and that each of
fi, gi is constant on the set [f; # g:].

Choosing (a,b) € p, a # b, we put fo = [a,a]x, o+ 90 = [a,b]x, , s0 that {fo, g0} C Ko,
(fo,90) € px, [fo # go] = Xop(0) and each of fo, go is constant on X ,p). Now suppose that
i < n—1 and we have succeeded in constructing f;, g; with the required properties. Let a;, b;
be the constant value of f;, respectively g;, on the set [f; # g;]. Since 0 < p = [1, u], then
(a;, b;) does not belong to the center of A. Hence there must exist a term ¢(u,w) and tuples
of elements ¢, d in A so that

t(ai, E) = t(a,', J) — t(b;,¢) # t(b;,d) .
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Without losing generality, assume that ¢(b;,¢) = t(b;,d) and t(a;,c) # t(a;,d). Taking v
in the Shifting Lemma (Lemma 6.6) to be the equality relation, we find that there is a Day
term m(x,y, z,u) such that

m(t(ai, 5), t(ai, 5), t(ai, Cl), t(ai, d)) 75 m(t(ai, 5), t(bi, 5), t(bi, d), t(ai, d)) .

Let a;+1 be the left hand side of this inequality and b;+1 be the right. We can choose tuples
of (two-valued) functions h,k in K, so that for all 2 € X; 11 41y, h(2) = € and k(z) = d
while for all 2 € X; 1 1_p@i+1), M(2) = k(2). Then consider the functions

fi+1 = m(t(f’ta )7t(f’baﬁ)7t(fl7]%)7t(f27]%))
gi+1 = m(t(f’buB)7t(glaﬁ)?t<gl7];)?t(f’bvI;:)) .
Since V = m(u,v,v,u) ~ u, then fi11(z) = gi+1(2) for all z € X for which either f;(2) = gi(2)

or h(z) = k(z). In particular, f;11(2) = gi+1(2) when z ¢ Nj<i+1Xjp()- On the other hand,

>

fir1(2) = aiy1 # biy1 = git1(2) -
The two functions f;11, gi+1 obviously satisfy all our requirements. This concludes our proof
of the lemma. |

Lemma 14.4 FEvery algebra in V is Abelian.

Proof We assume that the lemma is false, in order to get a contradiction. let A be a
non-Abelian algebra in V of least cardinality. Then it follows that A is finite, is subdirectly
irreducible, and where p is the monolith of A, we have that A /u is Abelian. By Lemma 14.3,
we have [14, u] = 04, and our assumption of least cardinality implies that p = [14,14].

Our proof will consist in constructing, for every structure (X, E) consisting of an equiva-
lence relation E over a finite set X, an algebra R(X, E) = AX /O (for a certain congruence
Op on AX), and proving that R(X, F1) = R(X, Ey) iff (X, Ey) = (X, E,). If |X| = k then
the number of non-isomorphic equivalence-relation structures (X, E) is w(k), the number of
partitions of the integer k. Thus A* has at least 7 (k) non-isomorphic quotient algebras.

We shall show that AF is generated by a set of at most |A|k many elements. Thus it will
follow that Gy (|A|?k) > 7(k). But 7(k) is known to be asymptotic to

L ()
4k/3

(confer G. E. Andrews [1], p. 70). Thus we have a clear contradiction to our assumption that
V has very few models. The contradiction will establish that all algebras in V are Abelian.

Let d(x,y, z) be a Maltsev term for V. Suppose that X = {1,...,k}. Choose a9 € A. We
show that AX is generated by the set

G ={[ag,bly : b€ A and z € X},

thus establishing that A% is |A|k-generated. Indeed, if (ay,as,...,a;) € AX, then each of
the functions f; = [ao, a;); (0 <1i < k) belongs to G, and therefore

(a1,...,ar) =d(d(...(d(d(f1, fo, f2): fo. f3) - - - fo, fu—1)s fo, fr)
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belongs to the subalgebra generated by G.

Now let (X, E) be a finite equivalence-relation structure. Before defining © g, we choose
and fix a non-trivial p-equivalence class N, and an element of N which we will denote by
0. Let A|y denote the set N supplied with all the functions f : N™ — N (for any positive
integral m) such that f = g|n for some polynomial operation g of the algebra A. Since p is
an Abelian congruence, and d|y is a Maltsev operation on N, then A|y is an Abelian algebra
in a certain congruence modular variety. By Theorem 9.10, Ay is polynomially equivalent
to a module M over a ring R with unit. Without any loss of generality, we can assume that
0 is the zero-element of this module.

Where 0 denotes the constant function in NX with value 0, we define ©f to be the
congruence relation of AX generated by the set

GE:{(f,O):fENX and Zf(x)zO forallZeX/E}.

z€Z

The sums in this definition are finite sums in the module.
Since all generating pairs of ©p are fi-related, we get

where [ is the kernel of the homomorphism of AX onto (A/u)¥X. Moreover,

if f0, f € N¥ then (f°, f1) € Op iff 3o o, fO(2) = Ypez f1(2) (14.2)
forall Z € X/E.

To prove the “if” in (14.2), note that the assumption that Y., fO(z) =Y, ., f(z) for all
Z € X/FE gives fO — f1 =0 (mod Of) and therefore (f, f!) € Op.

Conversely, assume that f0, f! € NX and (f° f!) € ©p. Then the congruence per-
mutability of the variety generated by A implies that there is a polynomial, say n-ary,
H(zy,...,2,) of A% and fi,...,f, € N such that >, , fi(z) = 0 for all Z € X/E
and

fO=H(f1,...,fa), f'=H(,...,0).
This means that there is an n+m-ary polynomial h(z1, ..., Zn,y1,...,ym) of Aand g1,...,gm €
AX with
FO=h(f1, s fas Gy gm)s Fr=h0,...,0,91,. ., Gm)-

It follows that h(ai,...,an,g1(x),...,gm(z)) € N whenever {a1,...,a,} € N and xz € X
(since N is an equivalence class of the congruence p).
Choose z¢p € X and put Z = zg/E. We apply the fact that [, 14] = 04 to the equation

h(Qv cee 7Q’§($)) - h(o’ e ,O,Q(SU)) = h(Qv cee ’ng(ﬂgO)) - h(ov s ,0,§($0))

replacing the underlined elements to obtain

h(u, ... un,g(x)) —h(0,...,0,9(x)) = h(ui,...,un, g(xo)) — h(0,...,0,g(x0))

for all z € Z and uq,...,u, € N. Thus

h(ui, ..., un, g(z)) = h(ut, ..., un, g(zo)) — h(0,...,0,g(x0)) + h(0,...,0,g(x)).
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The map (u1, ..., up) — h(ui, ..., un, g(xo))—h(0,...,0,g(zo)) is a polynomial of the module
M that maps (0, ..., 0) to 0; thus it must be of the form (u1,...,un) — > <;<, Aiu; for some
Ai € R. Thus

h(ulv- . 7un7g(‘r)) = ZA’LUZ +h(07 . 70,g<$))
i=1

for all z € Z and u,...,u, € N. This implies that

10@) = h(f(@)s- o fal@),5(2) = 3 Asfi(@) + b0, ..., 0, 9(a))
=1

=Y Nifila) + M)
i=1
Together with ) ., fi(x) = 0, this gives

Y @)= @)

x€Z T€EZ

as required in (14.2).
Now, for a subset B C X we define the following congruences of AX:

ng = {(f.g) € AX x AX . fy =g, forallte B}, N = Nx\B -

For a congruence ¢ of A we put

o ={(f,9) € AX x AY : (fi,q) € & forallt € B}, ¢5 = dpNip.

Also, we write 1, 71, ¢r, ¢ instead of 1y, nf{ 1y Pt d)f{ 1)» Tespectively. For any congruence v

of AX| the congruence (yV ©p)/Op of AX/Og will be denoted by 7.
Next, we observe that

1, is the unique atom of Con(A™) that is below 7] . (14.3)

To see this, note that n, V n, = 1 and n A n; = 0, hence by modularity in the congruence
lattice, the intervals I[0,7n;] and I[n:, 1] are transposes, and hence isomorphic. Thus the
interval I[0,7;], isomorphic to Con A, has the unique atom gy A n, = p}.
Choose and fix any a € N \ {0}, and for x € X put a® = [0,a],. Note that we have
w, = Cg(0,a”) (the congruence generated by the pair (0,a”)) since p, is an atom. Then
since (0,a*) ¢ Op (by (14.2)), the covering pair 0 < p, projects up to O < O V p, and
therefore
fi’, is an atom in Con(A%X/OF). (14.4)

Moreover,
iy = pk iff (t,s) € FE. (14.5)

In fact, if (¢, s) € E then (14.2) gives (a,a®) € O, which easily yields the “if” direction in
(14.5).
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Conversely, suppose that (t,s) ¢ E. If g, = [, then (a’,0) € O V u,. Then by
congruence permutability, we have an element f € AX with

a'Op f .0

Since (al, f) € fi then f € NX. Then applying (14.2) to a! O f and Z = s/E we get that
> ez f(2) = 0. On the other hand, from f 0 we have that f(z) = 0 for all z € X \ {s}.
Consequently, f = 0, i.e., (a’,0) € O, which contradicts (14.2).

Next we show:

For v € Con(AX) and t € X either [y,1] C 5 or ) C [v,1]. (14.6)
Indeed, suppose that [y,1] € n;. Then there is a term 7(x,%), a pair (f,g) € v and tuples
¢,d in A~ such that (7(f,¢),7(f, d)) € m; and (7(g,¢),7(g,d)) & ns. Let d’ = [¢,d];. Then
7(£.¢) = 7(f.&), 7(3,0) # 7(g,d), 5o that 0 # [y,1j] < . Then (14.3) gives s} C [, 1], a

required.
Let us call a congruence of AX /O regular if it is the only atom below a congruence of
the form [+, 1]. We prove:

A congruence of A* /O is regular iff it is of the form fi} for some (14.7)
teX.

First, suppose that a,y > ©g are such that & is the unique atom below [y/Og,1/0g]. Then
[7,1] # 0 and we can choose ¢ such that [vy,1] € n;. By (14.6), we have p; < [y,1]. Thus
iy < [v/Og,1/0g]. By uniqueness of &, we have that & = [i; as required.

To prove that [} is regular, it suffices to show that u; vV ©p is the only congruence o with
Op < a C [n;,1] V Og. Obviously, [n;,1] C [1,1] € @ and so [n;,1] C n, N g = p;. Since
ny Ve =1and A = [1,1] # 0, then [n;, 1] # 0. We now have that [n;, 1] = u} since yu; is an
atom. We know that ©p < p} V O by (14.3). Thus it follows that f} is regular.

From (14.5) and (14.7) we have that the number of E-classes in X can be recovered from
AX /O p—it is the number of regular atoms in the congruence lattice of this algebra.

We will prove that non-isomorphic structures (X, E), (X, E’) give rise to non-isomorphic
algebras AX /Og, AX /O g by showing that the sizes of the equivalence classes of E are also
recoverable from A~ /Op.

Note that for the center ¢ of A we have u < ¢ < 1. Obviously,

A% /¢p is isomorphic to (A/¢)E, for any B C X . (14.8)

We have O C i C (x C (p for B C X, whence (AX/Og)/((p/Or) = (A/¢)P and |B| is
the logarithm of the cardinality of this algebra to the base |A/{|. Thus, we can finish the
proof of this lemma by showing that the set of congruences of the form (x\,/©p with Z
ranging over X/E is definable in A~ /Og.

Let us call a congruence § of AX/Op co-regular if § is a maximal congruence with the
property that the commutator [0, 1] contains exactly one atom. We conclude our proof by
showing:

A congruence § is co-regular iff § = (x\ z/OF for some Z € X/FE. (14.9)
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To begin, let t € Z € X/E. Now (x\z V1 = 1, 50 [Cx\z, 1] Vne = [1,1] V 1y = pg, implying
[Cx\z, 1] £ m¢. Then by (14.6), [(x\z, 1] > pz. On the other hand, clearly we have

Gz 1 < ply = \/ wh
s€Z

and this combined with the above conclusion yields
Gz 1] = ply = \/ wl.
se€Z

Then
(Cx\2/©8,1/08] = [(x\z, 1]V Op = \/ i, = i}
se€Z

Next, suppose that Op < v and /O is co-regular. Then [y/Op, 1/Og] contains exactly
one atom, and by (14.7), this atom must be of the form ;. Say g} < [y/©g,1/0g] and
t/E = Z. Then for s € X \ Z, [v,1] cannot contain u and so by (14.6), [v,1] < ns. Since
this holds for all s € X' \ Z, we have [y, 1] < n/,. This is easily seen to imply that v < (x\ -
We have seen in the last paragraph that [(x\z/Og,1/Og] = fi;. The maximality of v now
gives that v = (x\z. The results of this paragraph and the last one, combined, yield (14.9).
O

The next lemma completes our proof of Theorem 14.2.

Lemma 14.5 A locally finite affine variety has very few models iff it is directly representable.

Proof Assume that A is a locally finite, congruence modular, Abelian variety, and let R
denote the finite ring such that A is polynomially equivalent with g M.

For a positive integer n, let F = F 4(n) be the free algebra in A freely generated by
T1,...,Tn. Let M be the R-module polynomially equivalent to F, with x, chosen as the
zero element. Every element w € F can be written as t¥(x1,...,2,) for a term ¢, and the
operation tF in F can be expressed as

tF(bl,...,bn) = Z rib; + ¢

1<i<n

for some r; € R and ¢ € F. Thus w =) ;,-,,_; 7i%; + ¢ is determined by the sequence (r; :
1 <i<n—1)and the element t¥(z,,...,2,) = c. This means that f,, = [F4(n)| <"1 f
where r = |R| and f; = |F 4(1)].

Now suppose that A is directly representable. Let Dy, ..., Dg_1 be a list of all the directly
indecomposable finite algebras in A, up to isomorphism. If B is an n-generated member of
A, then |B| < f, <" 1f;. We can write

~ 1o le—1
B=Dy x---xD,]
for some non-negative integers ¢;, and here

D i <logy(fn) < M(n—1)

%
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for some positive integer M, independently of n. The number of solutions (m;) of the in-
equality >, m; < M(n —1) is

(M(n—l)—i—k

L )g(M(nl)Jrk)k.

Thus G4(n) < (M(n — 1) + k)* which estabishes that A has very few models.

Conversely, suppose that A is not directly representable. Let .4, denote the class of all
algebras in A that have a one-element subalgebra. Since A has at most 2/ n non-isomorphic
n-element members, then there is no finite bound on the size of the finite directly indecom-
posable members of A. For A € A, the algebra Ay € A, has the same corresponding module,
up to isomorphism, and is directly indecomposable iff A is. (Confer the discussion at the end
of Section 9.) Where d(k) denotes the number of non-isomorphic, directly indecomposable,
k-generated algebras in Ay, we thus have that d(k) is unbounded.

For a fixed k, let Dy,...,Dgy_1 be pairwise non-isomorphic, directly indecomposable, k-
generated members of Ay, where d(k) = d. By a theorem of G. Birkhoff (see, for example,
R. McKenzie, G. McNulty, W. Taylor [37], Theorem 5.3), finite algebras with permuting
congruences and a one-element subalgebra have the unique factorization property. This means
that if (m;)i<d, (M})i<q are sequences of non-negative integers and [[,_,D;" = [],.4 D;n;
then m; = m] for all i < d. Now if ), _,m; < nthen [[,_,D;" is nk generated. (This follows
by the same argument used in the proof of Lemma 14.4 to show that A* is | A|k-generated.)
Thus G4, (nk) is at least as great as the number of systems (m;);<q of non-negative integers
satisfying ). _,m; < n. Le., we have

G (nk) > ( n +d(k) > _

n

k+ d(k)

In particular, G 4(k?) > I

>. For any fixed positive integer M, we have d(k) > M

k+ M
k
of degree M in k, then G 4(k) cannot be bounded for all k& by a polynomial of degree < M/2.
This ends our proof that if A is not directly representable then G4 is not bounded by any
polynomial function. |

for large k, and for such k, it follows that G 4(k?) > < . Since this is a polynomial

15 Problems

Problem 15.1 Is there an algorithm to determine, given a finite ring R with unit, whether
the variety RM of left unitary R-modules is decidable? F. Point, M. Prest [40] and M. Prest
[41] provide a starting point for the exploration of what is known about this problem.

Problem 15.2 Is there an algorithm to determine, given a finite algebra F of finite type
such that HSP(F) has modular congruence lattices, whether HSP(F) (or SP(F)) is finitely
axiomatizable? By a famous theorem of K. Baker [2], every finitely generated congruence
distributive variety of finite type is finitely axiomatizable. R. McKenzie [36] proved that
there is no algorithm to determine if HSP(F) is finitely axiomatizable where F ranges over
all finite algebras with one binary operation.
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Problem 15.3 Prove or disprove that for every finite set A and every operation m =
m(x,y,z) over A that satisfies Maltsev’s equations m(x,z,y) ~ y ~ m(y,z,x), there are
only countably many clones of operations on A containing m. A. A. Bulatov, P. M. Idziak
[3] has results on this problem.

Problem 15.4 Is it true that every congruence modular variety of finite type that is residu-
ally finite has a finite residual bound? K. Kearnes, R. Willard [29] proved that this implication
holds for congruence distributive varieties of finite type, and more generally for congruence
meet semi-distributive varieties of finite type.

Problem 15.5 Characterize the locally finite congruence modular varieties V' that possess
first-order definable principal congruences—i.e., there is a first-order formula 6(z,y,u, v) so
that for all A € V and {a,b,c,d} C A, A = 6(a,b,c,d) iff (a,b) lies in the congruence of A
generated by (c, d).
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Index of Terms and Notation

Abelian

algebras, page 9
congruences, 9, 50
lattices, 12

rings, 11

varieties, 28
affine (= Abelian), 28
algebra(s)

A(a) is the congruence «a of A, considered as an algebra, 21
Abelian, 9
affine, 23
directly indecomposable, 4, 42
free, 14, 28, 39, 40, 47
neutral, 45
nilpotent, 3, 32, 36, 47
of finite type, 36, 54
quotient, 46, 48
simple, 43
solvable, 3, 29
subdirectly irreducible, 37, 43, 49
monolith of, 37, 44, 49
subdirect product, 23, 37, 49
universe of an algebra, i.e., its set of elements, 21
with finitely axiomatizable equational theory, 36, 54
Cga (Y), the congruence of A generated by a set Y of ordered pairs, 51
Con(A), the set of all congruence relations of A, 6
Sga (X), the subalgebra of A generated by X, 6
Tol(A), the set of all tolerance relations of A, 6

AV (: (A X A)/Al,l)a 29, 54
annihilator (of a ring), 11

center, 9, 11, 35, 48



Congruence modular varieties

centrality, 3, 8
C(a, B;7), or a centralizes 3 modulo 7, 8
commutator

equation (C1), 35, 37, 44
in lattices, 12

in rings, 11

modular, 4, 37

of congruences, [«, 3], 9

term condition commutator, 8
commuting operations, 25
congruence(s)

the center, Ca, a congruence, 9
congruence distributive, 14
congruence lattice, 6

congruence modular, 15

congruence regular, 35

permuting congruences, 13

uniform congruences, 34

(8]"™, [B]™, iterated commutators, 31
Aq g, 21

04, 14: the identity relation and the universal binary relation over a set A, 7
G-spectrum, Gy: the generative complexity of a variety, 47

group

commutators of normal subgroups, 4

ternary Abelian group, 26
interpret, 13
kernel of a homomorphism, 23
lattice

atom of a lattice, 23, 51
lattice equation, 17, 25

lattice of congruences, 6

Maltsev
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class, 13
condition, 13

term, 13
M («, 3), the set of «, S-matrices of an algebra A (where a and (3 are congruences of A), 8
nilpotent

algebra, 31

congruence, 31

M3, N5: the five-element non-modular lattice and the five-element modular, non-distributive
lattice, 7

operation(s)

clones of operations, 46, 55
loop operation, 35
division operation (of a loop), 35

polynomial operation: any operation generated with repeated compositions from the
basic operations of an algebra, the constant operations, and the projection opera-
tions, 9

term operation: any operation generated with repeated compositions from the basic
operations of an algebra and the projection operations, 6, 8, 26

polynomial

Maltsev polynomial, 26
polynomial equivalence, 23

polynomial operation (see operation, polynomial)
residual bound of a variety, resb(V), 37
residual bound of an algebra, resb(A) = resb(HSP(A)), 37
residually small (large, finite), 37
ring

Abelian ring, 11

ideals, commutator of, 11

of finite representation type, 46
shifting lemma, 15
solvable

algebra, 31



Congruence modular varieties

congruence, 31
term

term condition, 3, 8, 6

Day terms, 15

(Gumm) difference term, 25

(weak) difference term, 25
generalized Gumm terms, 32

Gumm terms, 30

Jénsson terms, 14

majority term, 11

Maltsev term, 13

term operation (see operation, term)

tolerance, 6
variety

affine, 28
arithmetical, 13
combinatorial, 37
congruence distributive, 17
congruence modular, 19
decidable, 36
finitely decidable, 36
directly representable, 42
discriminator, 35
finitely axiomatizable, 36, 54
finitely generated, 3, 36
finite spectrum of, 42
generated by A, i.e. HSP(A), 36
generative complexity of, 47
locally finite, 4
Maltsev (= with permuting congruences), 13
narrow, 42
of finite type, 36, 54
residually small, 37
ring associated with, 28
with the amalgamation property, 36
with the congruence extension property, 36
with first order definable principal congruences, 55

with very few models, 47
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